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We study the problem of exponentially small splitting of separatrices of one degree of freedom 
classical Hamiltonian systems with a non-autonomous perturbation fast and periodic in time. We 
provide a result valid for general systems which are algebraic or trigonometric polynomials in the 
state variables. It consists on obtaining a rigorous proof of the asymptotic formula for the measure 
of the splitting. We obtain that the splitting has the asymptotic behavior Ke^e~ a ^ £ , identifying the 
constants K, (3, a in terms of the system features. 

We consider several cases. In some cases, assuming the perturbation is small enough, the values of 
K, f3 coincide with the classical Melnikov approach. We identify the limit size of the perturbation for 
which this theory holds true. However for the limit cases, which appear naturally both in averaging 
and bifurcation theories, we encounter that, generically, K and ft are not well predicted by Melnikov 
theory. 



1 Introduction 



In this paper we consider the familiy of Hamiltonian systems of the form 

H (x,y, pe^j = H (x,y) + ne v Hi \x,y, pe^j , (x,y) eM 2 , (1) 
where Ho(x,y) is given by a classical Hamiltonian 

H (x,y) = ^- + V(x) 
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and Hi (x, y, r; e) is a 27r-periodic time dependent Hamiltonian with zero average: 

1 f 2n 

We study the problem of the splitting of separatrices. The parameter e is a small parameter but this is 
not the case for fj., which may be of order one. The results in this paper are valid not only for (i small, 
but also for finite values of fi. We will see that the results are significantly different depending on the 
other parameter rj > 0, which appears in (JTJ), and on the analytic properties of H. Depending of these 
properties our results are valid even for (the non perturbative case) rj = and we will see that, in this 
case, Mclnikov theory gives a wrong prediction of the measure of the splitting. 

The perturbative setting is when [ae* 1 is small, that is when ry > 0. In this case, the Hamiltonian 
system associated to H is a small perturbation of the Hamiltonian system associated to Hq: 

x = y 

V = -V'{x). (2) 

Our first observation is that, being the Hamiltonian H fast in time, averaging theory [AKN88, LM88] 
tells us that, even for fie 11 = 0(1), that is for rj = 0, the solutions of the Hamiltonian system associated 
to are close to the solutions of $Z§. 

We assume that system © has a hyperbolic or parabolic critical point at the origin with stable and 
unstable manifolds which coincide along a separatrix (qo(u),po(u)). The coincidence of the stable and 
unstable invariant manifolds is not a generic phenomenon for Hamiltonian systems of one and half degrees 
of freedom as (JTJ) . Therefore, one can expect that the homoclinic connection of J2]) breaks down when we 
add the non-autonomous part to the system. Nevertheless, the symplectic structure ensures the existence 
of intersections between the perturbed invariant manifolds. Hence a natural question is whether these 
intersections are transversal or not. 

As it is well known, the transversal intersection of invariant manifolds is an obstruction for the 
integrability of the system as well as one of the main causes of the appearance of chaos. Even if this 
transversality is a generic phenomenon, it is difficult to check it in a concrete given system of type JTj). 
In this paper we give checkable conditions (see Section 12.11 for the concrete hypotheses) which ensure 
that transversality and, moreover, we provide an asymptotic formula, as e — > 0, which measures this 
transversality and shows that it is exponentially small with respect to e. 

To check this transversality there are several quantities that can be considered. Due to the 27re- 
pcriodicity with respect to t of the Hamiltonian H, it is convenient to consider the Poincare map P to 
defined in a Poincare section E io = {(x,y,to); (x,y) € R 2 }. If /i = 0, the phase portrait of P to is given 

2 

by the level curves of the Hamiltonian Ho(x,y) — ^- + V(x). Therefore, the homoclinic connection 
{qo(u) , po(u)) is contained in the stable and unstable curves of the fixed point (0,0) of Pt . 

In the hyperbolic case, a classical result of averaging theory [AKN881 ILM88] is that, for e small 
enough, there exists a hyperbolic fixed point of Pt , corresponding to a hyperbolic periodic orbit of H , 
which has stable and unstable invariant curves C s (to) and C u (to). These curves remain close to the 
unperturbed separatrix. In the parabolic case our (standard) hypotheses will ensure that the origin will 
still be a fixed point with similar properties. 

As Pt is a symplectic map, the curves C s (io) and C u (to) intersect giving rise to some homoclinic 
points Zh- The natural quantity that can be used at homoclinic points to measure the transversality of 
the intersection is the angle between the curves C s (to) and C u (t n ). 

Once we have proved that this intersection is transversal at two consecutive homoclinic points, we 
can measure the splitting by computing the area A enclosed by the invariant curves between these two 
points. This area does not depend on the chosen homoclinic points (see Figure [1} and is also invariant 
under symplectic changes of coordinates. For these reasons, in Theorems 1 2 . 41 and 12 . 71 we measure this area 
instead of measuring the angle. Another invariant quantity, related to the angle, is the so-called Lazutkin 
invariant (see, for instance |GLT91j ). From now on, we will use the expression splitting of separatrices 
to refer to any of these quantities. 
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One model where our results can be applied is a classical 27re-periodic time dependent Hamiltonian 
system: 

taking V(x) — ^ J Q 27T V(x, r) dr and Hi (x, y, r) = V(x, r) — V(x). In this case, under certain hypotheses 
about V, which are specified in Section I^TTl our result in Theorem 12 . 71 provides a formula for the splitting 
even if in this case /i = 1 and ?/ = 0. In this case, our result improves several partial results [DS97L 
IGel97al |BF04| which, applied to ([1]), needed to consider an artificial factor e v , t] > r/o > 0, in front of the 
term H± to prove an asymptotic formula for the splitting. Moreover, it occurs that this formula is wrong 
for the natural case 77 = 0. 

One also encounters the case 77 = 0, when one studies the splitting of separatrices phenomenon near 
a resonance of one and a half degrees of freedom Hamiltonian systems which are close to completely 
integrable ones (in the sense of Liouville- Arnold) . This setting does not fit exactly in our hypotheses but, 
as we will see in a forthcoming paper, the methods used in this paper can be easily adapted to that case 
(see Section 12.31 for a discussion of this problem) . 



Figure 1: Splitting of separatrices. 

Classical perturbation theory applied to our problem provides the so-called Mclnikov potential (called 
also sometimes Poincarc Function, see for instance |DG00j ). which is given by 

/+00 
Hi (<?o(u),Po(u),£ _1 (*o + u);0) du. 
-00 

Using this function, Poincarc |Poi901 !Poi99j . and later Melnikov |Mel63j . proved that, if fie 71 is small 
enough, non-degenerate critical points of L give rise to transversal intersections between the invariant 
curves C s (rj ) and C u (to), and the area of the lobes is given asymptotically by L(t\) — L(to), being 
and t$ two consecutive critical points of L. 

If Ho(x,y) and Hi(x,y,r;0) are either algebraic or algebraic in y and trigonometric polynomials in 
x, the Poincare function L is asymptotically given by: 

L(t )~ Re? e~ a/E sin (j + <j?J , e^O (4) 

being a > 0, K, <j>, /3 € R some computable constants. The constant a is independent of the perturbation: 
it turns out that the time parameterization of the unperturbed separatrix has always singularities in the 
complex plane (see jFon 95 , BF04J) and the constant a is nothing but the imaginary part of the singularity 
closest to the real axis. It is clear that L (to) has non-degenerate critical points if K 7^ 0. 

We want to emphasize that the asymptotic size with respect to e of the Melnikov potential is given 
by provided Ho(x,y) and Hi(x, y, r; 0) are either algebraic or algebraic in y and trigonometric poly- 
nomials in x. The study of the Melnikov potential for general analytic Hamiltonian systems with fast 
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periodic perturbations strongly depends on the analyticity properties of the Hamiltonian H . Even if the 
Melnikov potential can be estimated for some concrete systems |LS801 IMP941 ISMH91| , a general study 
of this function seems to require more powerful analytic tools and, as far as the authors know, has not 
been done. 

The straightforward application of Melnikov method to Hamiltonian ([1]) provides a formula for the 
area of the lobes which reads: 

A = fie n (A + O {fie r ')) , e -> 0, (5) 

where 

A) - 2AW a / £ (6) 

is the prediction for the area given by the Melnikov potential Q . 

Therefore, either for general algebraic or algebraic in y and trigonometric polynomials in x Hamilto- 
nians, the Melnikov potential is exponentially small in e and a direct application of classical perturbation 
theory only ensures the validity of such an approximation if K ^ and (as 7 * = o(e^e~ a ^ e ). 

To compute the first asymptotic order of the splitting of separatrices for general analytic Hamiltonian 
systems seems nowadays a problem out of reach. Nevertheless, (non-sharp) exponentially small upper 
bounds were already obtained by Neishtadt in |Nei84j using averaging techniques and by [FS901 IFon95j 
using complex extensions of the invariant manifolds. 

Once we know that the splitting is exponentially small, a natural question which arises is whether 
the Melnikov potential gives the correct asymptotic first order of the splitting. In comparison with the 
problem of giving exponentially small upper bounds for the splitting, this problem is much more intricate. 
The results in this direction strongly depend on the behavior of the homoclinic orbit {qo(u),po(u)) around 
its complex singularities and on the analytical properties of the perturbation. 

The previous considerations lead us to consider the problem of splitting of separatrices for general 
systems which are either algebraic in (x,y) or trigonometric polinomial in x and algebraic in y. 

As we have already explained, inspecting formula ([5]), one sees that Melnikov theory works provided 
lie 1 = one needs the size of the perturbation to be exponentially small with respect 

to e. This is not the natural setting and therefore the first works dealing with this problem |HMS88j 
(see also Section 11.11 about historical remarks) tried to enlarge the size of the perturbation fie v Hi for 
which Melnikov theory actually measures the splitting. In fact, under certain non-degeneracy conditions, 
it suffices to take r\ big enough and [i of order 1. 

In this work we have obtained, for Hamiltonians ([T]) satisfying the hypotheses given in Section 12. 1[ 
the open set of values of r\ for which the Melnikov prediction works. 

Studying the phenomenon of splitting in general Hamiltonian systems, for r\ in the boundary of this 
set, we have found examples where the Melnikov theory does not predict correctly the formula for the 
area of the lobes in several aspects. 

There are cases where the constant K is not correctly given by the Melnikov formula. This phe- 
nomenon has been found before in concrete examples [GelOOl ITre971 IOli06l IGOSlOj . In these cases, the 
correct value of the constant K is obtained from the study of the so called inner equation. 

Moreover, we have found a more surprising phenomenon, namely, there are cases where the Melnikov 
prediction © does not give the correct order of the splitting. More concretely, it fails to predict the 
constant K but also the correct power j3 in ©. In section [2.2.41 we provide a concrete model where this 
phenomenon happens. 

Our work shows that all the results validating the prediction of the Melnikov approach require some ar- 
tificial conditions about the smallncss of the perturbation. The reason, roughly speaking, is the following. 
To prove that Melnikov theory gives asymptotically the first order of the splitting one needs to perform 
"complex perturbation theory". Namely, one looks for complex parameterizations Z™' 3 (u,to) of the per- 
turbed invariant curves C u ' s (to) of the Poincare map P to as a perturbation of the time-parameterization 
of the unperturbed separatrix Zq(u) = (qo(u),po(u)). This is the main novelty in the proofs of exponen- 
tially small splitting, and was discovered by Lazutkin in his pioneer paper |Laz84j : the perturbed and 
unperturbed manifolds, as well as the solutions of the variational equations along them, need to be close 
enough when one considers complex times in a domain which contains a suitable real interval and which 
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reaches a neighborhood of order e of the singularities of the unperturbed homoclinic orbit. Clearly, when 
time is real, the homoclinic orbit is a bounded solution and it is easy to see that the perturbed invariant 
manifolds are close to it in suitable intervals. However, when we reach a neighborhood of its singularities, 
the homoclinic orbit itself blows up, and it is not always the case that the perturbed invariant manifolds 
are close to it anymore. Of course assuming artificially that the perturbation is small enough (increasing 
77 in the perturbative term in ([!}) one can see that the perturbed manifolds are close to the unperturbed 
homoclinic orbit in a complex domain which reaches a neighborhood of size e of the singularities of the 
unperturbed homoclinic trajectory. Consequently the Mclnikov approach, that is based on the fact that 
the perturbed manifolds are well approximated by the unperturbed homoclinic orbit, still works. This 
was the approach used in [DS971 IGel97al IBF04| for 77 > £, were the constant I was called the order of 
the perturbation H \ . Roughly speaking, it is the order of the singularities of the unperturbed homoclinic 
trajectory (qQ(u),po(u)) closest to the real axis of the function hi(u) = Hi(qo(u),po{u),t/e;0), for any 
t G R. 

In the aforementioned works, the condition rj > £ ensures that the perturbed parameterizations Z^ s 
are close to the parameterization of the unperturbed separatrix Zq even up to a distance of order e of 
the singularities of Zq closest to the real axis. Nevertheless, as we will see in this paper, the condition 
77 > £ is sufficient but not necessary to ensure that Melnikov approach still predicts correctly the size of 
the splitting. What is important is the relative size between the homoclinic orbit Zq and the difference 
between the homoclinic orbit and the perturbed manifolds, and analogously between the solutions of the 
corresponding variational equations. In other words, as the parameterizations of the invariant manifolds 
can be written as Z'^ s = Zq + (Z™' a — Zq), the Mclnikov method gives the correct asymptotic term for 
the size of the splitting provided the homoclinic Zq is bigger than the difference Z™' s — Zq. For systems 
of type ^ this condition can be easily stated as follows. Call r to the order of the singularities of Pq{u) 
closest to the real axis. Then, the size of Po(u) at points u which are e-close to the singularities is 0{e~ r ). 
Looking at the relative size of gradi/o( ( Zo(u),Po('u)) and jie n gia,dHi(q (u),pQ(u) 7 r; e), one can guess that 
the first one is strictly bigger than the second if 77 — — r) > — r. Working with the equations associated 
to Hamiltonian System ([1]), we prove in this paper that Zq(u) is strictly bigger than Z^' s (w,io) — Zq(u) 
provided r\ > £ — 2r, even if u is at a distance e of the singularity. 

For £ > 2r, the condition for both the parameterizations and the solutions of the variational equations 
to be relatively close coincides and is given by 77 > 77* = I — 2r. For £ < 2r we will not consider values 
of 77 such that £ — 2r < 77 < 0. In fact, decreasing 77, we will reach first the "natural" limit 77 = 0, where 
gradi7o(<7o( u )\.Po( u )) and /igradiJi(go(u),Po( u )> r ; e) are not close even for real values of u. Even if for 
concrete examples jGelOOl IGOSlOj one can prove the existence of invariant manifolds and compute the 
size of their splitting for negative values of 77, in this paper we deal with general Hamiltonians and rj > 0. 
This means that we deal with cases for which the unperturbed system and the perturbation can have the 
same size. 

When rj = 0, one can apply classical averaging theory to see that we are still in a perturbative setting 
and the real perturbed invariant manifolds are /ie-close to the real unperturbed separatrix and it makes 
sense to study the splitting of separatrices in this case. Nevertheless, as we will see in this paper, the 
solutions of the variational equations are not close enough near the singularity in this case. This implies 
that, as is stated in Theorems 12.41 and 12. 71 Mclnikov formula © generically does not give the correct 
first asymptotic term of the splitting. 

In conclusion, under certain non-degeneracy conditions, the previous considerations suggest, and we 
actually will prove in Theorem 12.41 and Corollary 12.51 that Mclnikov theory gives the correct prediction 
provided 

rj > rf = max{£ - 2r, 0}. 

The so called "singular" case occurs when the difference Z^' s (w,7j ) — Zq(u) has the same size as the 
unperturbed homoclinic Zq{u) when u reaches a neighborhood at a distance e of the singularities of Zq. 
Consequently, the invariant manifolds are not well approximated by the unperturbed homoclinic in this 
complex region. Let us note that this singular case can only happen if I > 2r and 77 = 77*. In this case, 
we need to obtain a different approximation of the manifolds in this region of the complex plane. Close 
to a singularity of the homoclinic orbit, an equation for the leading term is obtained and it is called the 
inner equation. This is a non-integrable equation whose study is done in [Bal06 . 



5 



Summarizing, on the one hand, the invariant manifolds are well approximated by the unperturbed 
homoclinic orbit in a complex region containing an interval of the real line. On the other hand, the inner 
equations provide good approximations of the invariant manifolds near the singularities of the unperturbed 
homoclinic. Finally, matching techniques are required to match the different approximations obtained 
for the invariant manifolds. Roughly speaking, the difference between two suitable solutions of the inner 
equations replaces the Melnikov potential in the asymptotic formula for the splitting. 

We want to emphasize that, as far as the authors know, there are no general results dealing with the 
singular case. The previous results in the singular case (see |Laz84l lLaz03[ iGelOOl ITre97l IOli061 IGOSlOj ) 
only dealt with particular examples. 

In this paper we give results that contain the so-called regular case 77 > 77* (see Section [^TT|) . in which 
the Melnikov formula predicts correctly the splitting between the manifolds, but we also consider the 
so-called singular case 77 = 77*, in which the Melnikov formula does not predict correctly the splitting 
between the perturbed manifolds anymore. In this singular case we provide and prove an alternative 
formula for the splitting. 

We have seen that the behavior of the splitting is extremely sensitive on the sign of I — 2r and the 
value of 77. We summarize the main features of each case: 

• 77 > 77* = max{£ — 2r, 0}: under certain non-degeneracy conditions, the Melnikov formula ([5]) gives 
the correct first order of the splitting, that is, the correct constants K, (3 and a. Moreover, the 
transvcrsality of the splitting is a direct consequence of the existence of non-degenerate critical 
points of the Melnikov potential, which is ensured if K 7^ 0. 

• £ — 2r < and rj = 0: it appears a (depending on fi) constant correcting term which multiplies 
K in the Melnikov formula This term can be obtained through classical perturbation theory 
techniques. This correcting term does not vanish for any value of /x. Therefore, the first asymptotic 
order is non-degenerate if and only if K 7^ 0. Note that in this case, for real values of the variables, 
H is not a perturbation of Hq. 

• £ — 2r > and 77 = 77* = £ — 2r: it appears a (depending on /1) constant correcting term which 
replaces K in the Melnikov formula (|6]). This correcting term has a significantly different origin 
from the one in the previous case, since it comes from the study of the aforementioned inner 
equation. In particular, it can vanish for some values of fi. Then, the transvcrsality of the invariant 
manifolds is guaranteed provided this correcting term does not vanish. Let us note that for the 
range 77 £ [0, £ — 2r) the problem of the splitting of separatrices remains open. 

• £ — 2r = and 77 = 0: as in the previous case, we need to consider an inner equation to obtain a 
candidate for the first asymptotic order of the splitting. This candidate differs from the Melnikov 
formula by both the constant K and the exponent /3. Note, that the change in the exponent f3 is a 
substantial qualitative change in the behavior of the splitting. Even if this fact was already pointed 
out in |Bal06[ . the present paper, as far as the authors know, is the first work that rigorously proves 
that this phenomenon actually happens. 

This work concludes the general problem, initiated and partially solved in jDS971 lGcl97a BF04. BF05] 
for 77 > £, of the splitting of separatrices in the singular and regular cases 77 > 77*, for the general 
mentioned perturbations Hi of classical polynomial or trigonometric polynomial Hamiltonian systems 
H (x,y) = £ + V(x). 

1.1 Historical remarks 

Historically, the results about exponentially small splitting of separatrices can be classified into three 
groups: upper bounds, validation of the Melnikov approach and asymptotics for the singular case. 

Some results, dealing with quite general systems, obtain exponentially small upper bounds for the 
splitting for Hamiltonian systems. Neishtadt in |Nei84j gave exponentially small upper bounds for the 
splitting for two degrees of freedom Hamiltonian systems. For second order equations with a rapidly forced 
periodic term, several authors gave sharp exponentially small upper bounds in |Fon931 lFon 95 , FS96] and, 
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for the higher dimensional case, the papers |Sau011 ISim94j gave (non-sharp) exponentially small upper 
bounds. 

The Poincare map of a non-autonomous Hamiltonian in the plane is a particular case of a planar 
area preserving map. For the Hamiltonian (TTJ) the Poincare map P is a near the identity area preserving 
map. Rigorous upper bounds for the splitting of area preserving maps close to the identity were given in 

The second group of results is concerned with the question of the validity of the asymptotics provided 
by the Melnikov theory. Several authors in the last 15 years have tried to ensure the validity of the 
formula provided by the Melnikov potential (0) to compute the asymptotic formula for the area A. As 
we have already said, the results in this direction strongly depend on the behavior of the homoclinic orbit 
around its complex singularities and on the analytical properties of the perturbation. For this reason, 
the existing results in this direction mostly deal with specific examples. 

The most studied example in the literature has been the rapidly perturbed pendulum with a pertur- 
bation only depending on time, 

„ . t 

x = sin x + /ze ' sin - , 

which in our notation corresponds to Ho(x,y) = y 2 /2 + cos a; — 1 and Hi(x,t/e) = —xsm(t/e). The 
first result concerning this system was obtained by Holmes, Marsdcn and Scheurlc in HMS88 (followed 
by |Sch89[|Ang93| ), where they confirmed the prediction of the Melnikov potential establishing exponen- 
tially small upper and lower bounds for the area A provided r\ > 8, which coincide with the Melnikov 
prediction. Later the work |EKS93| validated the same result for r\ > 3. Dclshams and Scara established 
rigourosly the result in [DS92] for r\ > and an analogous result for r\ > 5 was obtained by Gclfreich in 
|Gel94j . The latter two papers used a different approach inspired by the work of Lazutkin [GLT91] . For 
a simplified perturbation an alternative proof, using Parametric Resurgence, was done in |Sau95j . 

The only works which provide (partial) results for some general Hamiltonian as |T]) taking r\ big 
enough, are jDS97l IGel97al IBF041 IBF05] . In [DS971 IGel97a| . a proof for the validity of the Melnikov 
method for general rapidly periodic Hamiltonian perturbations of a class of second order equations was 
given. The case of a perturbed second order equation with a parabolic point was studied in BF04 , BF05 . 

In the papers [SauOll ILMS03] the authors introduced a different approach that avoided the "flow box 
coordinates" of Lazutkin's method. The authors worked with the original variables of the problem and 
were able to measure the distance between the manifolds without using "flow box coordinates" . The 
idea was the following: being both manifolds given by the graphs of suitable functions that are solutions 
of the same equation, their difference satisfies a linear equation and is bounded in some complex strip. 
Studying the properties of bounded solutions of this linear equation, where periodicity also plays a role, 
one obtains exponentially small results. 

The method in |Sau01l ILMS03] uses the fact that, in the considered systems, the manifolds can be 
written as graphs of the gradient of generating functions in suitable domains. These generating functions 
are solutions of the Hamilton- Jacobi equation associated to system fl} . Solving these partial differential 
equations one can obtain parametcrizations of the global manifolds. 

A Melnikov theory for twist maps can be found in |DR97j and some results about the validity of the 
prediction given by the Poincare function for area preserving maps were given in [DR.98 . 

The generalization of the splitting problem to higher dimensional systems has been achieved by several 
authors, mainly in the Hamiltonian case. See, for instance, [Eli941 ITre94[ ILMS031 IDGOOj and references 
therein. Some results about the validity of the Melnikov method for higher dimensional Hamiltonian 
systems ca n be fo und in [Gal94l ICG941 IDGJS971 IGGM991 ISauOil IDGS04] . Finally, in a non Hamiltonian 
setting, in |BS06| the splitting of a heteroclinic orbit for some degenerate unfoldings of the Hopf-zero 
singularity of vector fields in R 3 was found. 

As we have already explained, all the results validating the prediction of the Melnikov approach 
require some artificial condition about the smallness of the perturbation. 

The third group of results deals with the so called "singular case" rj = rf for which one needs to 
study the inner equation and use matching techniques to relate different approximations for the invariant 
manifolds. 
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The first author who dealt with this singular case was Lazutkin in |L"az84, LazQ3]. He studied the 
splitting of scparatriccs of the Chirikov standard map, and gave the main idea that inspired most of the 
works in the subject: as we explained above, one needs to deal with suitable complex parametcrizations 
of the invariant manifolds. A complete proof was published years later by Gelfreich in |Gel99j . A 
fundamental tool in Lazutkin's work is the use of "flow box coordinates" , called "straightening the flow" 
in jGelOO] . around one of the manifolds. In this way, one obtains a periodic function whose values are 
related with the distance between the manifolds and whose zeros correspond to the intersections between 
them. Consequently, the result about exponentially small splitting is derived from some properties of 
analytic periodic functions bounded in complex strips (see, for instance, Proposition 2.7 in |DS97| ). 

After Lazutkin's work, some authors used his method and obtained results for the inner equation of 
several specific equa tions. In |GS01| there is a rigorous study of the inner equation of the Henon map using 



Resurgence Theory Eca81allEca81b , and in |BS08] the authors studied the inner system associated to the 
Hopf-zero singularity using functional analysis techniques. The corresponding inner equation for several 
periodically perturbed second order equations was given by Gelfreich in |Gel97b| and he called them 
Reference Systems. In [QSS03] there is a rigorous analysis of the inner equation for the Hamilton- Jacobi 
equation associated to a pendulum equation with perturbation term Hi(x,t/e) = (cosx — l)sin(t/e) 
by using Resurgence Theory. The only result which deals with the inner equation associated to general 
polynomial Hamiltonian like ([T]) is IBal06j . where this analysis is done using functional analysis techniques. 
Finally, in [MSSlOb] , the authors study the inner equation of the McMillan Map. 

Besides the work of Lazutkin, there are very few works with rigorous proofs in the singular case. 
In [GelOOJ there is a detailed sketch of the proof for the splitting of scparatrices of the equation of a 
pendulum with perturbation Hi(x,t/e) — xsin.(t/E) and rf = —2. A complete rigorous proof which also 
cover some "under the limit" cases, that is rj < if = —2 is done in |GOS10j . Numerical results about 
the splitting for this problem can be found in jBQ931 IGel97bj . In pi06] it was obtained a rigorous 
proof for the pendulum with perturbation H\(x,t/e) = (cosx — l)sin(t/e), for which rj* = 0. Treschev, 
in a remarkable paper |Tre97j . gave an asymptotic formula for the splitting in the case of a pendulum 
with certain perturbations, for which rj* = 0, using a different method called Continuous Averaging. 
Concerning 2-dimensional symplectic maps, a detailed numerical study of the splitting can be found 
in [DRR991 IGS08j . The study of the splitting for the Henon and McMillan maps have recently been 
completed in |BG10j and |MSS10aj respectively. Both cases correspond to if = 0. Finally, in |GG10j . 
combining numerical and analytical techniques, the authors study the Hamiltonian-Hopf bifurcation. 

Another work dealing with a singular case is jLomOO] , where the author proves the splitting of scpara- 
trices for a certain class of reversible systems in R 4 . A related problem about adiabatic invariants for the 
harmonic oscillator is studied in |Slu64) . See also |AKN88j . The study of this problem using matching 
techniques and Resurgence Theory was done in |BSSV98] . 

The structure of this paper goes as follows. First in Section [5] we introduce some notation, the 
hypotheses and we state the main results. In Section [3] we give some heuristic ideas of the proof and we 
compare our methods to those of some of the aforementioned previous results. Section 0] is devoted to 
describe the proof of the main theorems. To make this section more readable, the proof of the partial 
results obtained in this section are deferred to the following sections, that is, Sections [5][9l 

2 Notation and main results 

In this section we present the main problem we consider, the hypotheses we assume and the rigorous 
statement of the main results. 

2.1 Notation and hypotheses 

We consider Hamiltonian systems with Hamiltonian function of the form 

H (x,y, ^;ej = H {x,y) + (x,y, ^;ej , (7) 



where 2 

H {x,y) = V -+V{x) (8) 

and V is either a polynomial or a trigonometric polynomial. In the first case we assume that 

N 

H 1 {x,y,T;s)= a kl (T- 1 e)x k y l (9) 

k-\-l=n 

and in the second one 

H 1 (x,y,T;e)=a(T;e)x+ ^ a fe/ (r; e)e kix y l = ^ a ij (T;e)x i y j , (10) 

k=-N,....N i+j>n 
1=0,.. .,N 

where the second equality defines n and aij. Even if in the second case H\ can have terms of the form 
a(r;e)x, we will refer to Hi as a trigonometric polynomial. In both cases we will refer to n as the order 
of Hi. 

The equations associated to the Hamiltonian (0 are 

x = y + pe v d y Hi [x, y, -;e ) 

(11) 

y = -V'(x) - Lie v d x H 1 ( x,y, - ;e 

From now on, we call unperturbed system to the system defined by the Hamiltonian Hg and we refer 
to Hi as the perturbation. Let us observe that the term o(r; e)x in (fTU)) corresponds to a term in (fTTj) 
which only depends on time (and on the parameter e). 

We devote the rest of the section to state the hypotheses we assume on H . 

2.1.1 Hypotheses on the unperturbed system 

We assume the following hypotheses corresponding to the unperturbed system 

HP1 Hq(x, y) = y 2 jl + V(x), where V is either a polynomial or a trigonometric polynomial and satisfies 
one of the following conditions 

HP1.1 Hq has a hyperbolic critical point at (0,0) with eigenvalues {A, —A} with A > 0, and then 

A 2 

V{x) = -—x 2 + (x z ) asx^O. 

HP1.2 Hq has a parabolic critical point at (0,0) and then 

V(x) = v m x m + O (x m+1 ) as x -> 0, (12) 

for certain m £ N, m > 3, which is called the order of V and v m € R. 

HP2 The critical point (0, 0) has stable and unstable invariant manifolds which coincide along a sepa- 
ratrix. 

We denote by (qo(u) , po(u)) a real- analytic time parameterization of the separatrix with some chosen 
(fixed) initial condition. It is well known (see |Fon95] for the hyperbolic case and |BF04j for the 
parabolic one) that there exists p > such that the parameterization (qo(u),pQ(u)) is analytic in 
the complex strip {|Imu| < p}. 

We assume that there exists a real-analytic time parameterization of the separatrix (qo(u),po(u)) 
analytic on {|Imu| < a} such that the only singularities of (qo(u) , po(u)) in the lines {Imu = ±a} 
are ±ia. 

More precisely, Hypothesis HP2 implies that one of the two following situations is satisfied (see 
the remarks in Section [2. 1 .3p : 
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HP2.1 In the polynomial case, the singularities ±ia of the homoclinic orbit are branching points 
(or poles) of the same order, i.e. there exists an irreducible rational number r = a/ (3 > 1 
(independent of the singularity) and v > such that (qo(u) , Po(u)) can be expressed as 

■»<■"= >-i)£; ,„)■■-' ((»*<.)■")) 

"»<"» = <d^F + °( (u:F io),,s )) 

for ii e C and either |u — ia| < f and arg(u — ia) e (— 37r/2, 7r/2) or |it + io| < f and 
arg(u + ia) G (— 7r/2, 37r/2) respectively. Let us point out that the real-analytic character of 
(qo(u) , po(u)) implies that C_ = C+. 
HP2.2 In the trigonometric case, qo(u) has logarithmic singularities at ±ia of the form qo(u) ~ 
ln(u =p ia) (where we take different branches of the logarithm whether we are close to +ia or 
— ia: we take arg(w — ia) G (— 37r/2, 7r/2) and arg(u + ia) G (— tt/2, 37r/2) respectively). In this 
case, one can see that there exists MefJ such that, if u G C, \u =p io| < f , 

cos ( ,oW) = ^ w (l + o((^iaf/-)) 

sin(, ( U )) = (u=f ^ )2/a/ (l + O ((„ T la) 2 /-)) (14) 

Po(«) = r ^-T(l + o(("T*a) 2 ^)) 
(m =p ia) V V / / 

with arg(u — ia) G (— 37r/2, 7r/2) and arg(w + ia) G (— 7r/2, 37r/2) if we are dealing with the 

singularity +ia or — ia respectively. We also have that C+ = C_ = ±z2/M. 

For convenience, in the trigonometric case, we take the convention r = 1 and /3 = M. 



2.1.2 Hypotheses on the perturbation 

HP3 The function Hi(x,y,T;e) is 27r-periodic in r and real-analytic in (x,y,T,e) G C 2 x T x (—£*,£*), 
for certain e* > 0. Furthermore, either it is a polynomial of the form ((5J) if V(x) is a polynomial or 
it is a trigonometric polynomial of the form (|10p if V(x) is a trigonometric polynomial. Moreover, 
it has zero mean 

/ Hi{x,y,T;e)d,T = 0. 
Jo 

HP4 Let us consider the order of Hi, n given in © or (|10p . We ask Hi to satisfy: 

HP4.1 In the hyperbolic case (Hq satisfies HP1.1), n > 1. 
HP4.2 In the parabolic case (i?o satisfies HP1.2), 2n — 2 > m. 

Remark 2.1. Let us point out that, in fact, HP^.l does not add any extra hypothesis on the Hamiltonian, 
since it can always be taken with n > 1 (the constant terms in (x, y) do not play any role). 

Let us consider the function Hi(qo(u),po(u), r; e) that is: Hi evaluated on the separatrix. Then, we 
define £ to be the order of the branching points ±ia, namely, the maximum of the orders of the branching 
points of the monomials of Hi . This parameter was already defined in [DS971 IBF04] . Let us point out 
that £ can be simply defined as 

£{e) = max {k(r — 1) + Ir; aki{r; e) ^ 0} (polynomial case) 

n<£;+/<7V 

~~ ~ (15) 

£(s) = max {2|fc| IM + I; akiir; e) ^ 0} (trigonometric case). 

|fe|<iV, 0<i<JV 

Note that in the trigonometric case, if i?i(x, y, r; s) = a(r; e)x, then Hi(qo(u),po(u), r; e) has a logarith- 
mic singularity (sec Hypothesis HP2.2). In this case we make the convention £(e) = 0. 

HP5 We assume £ = £(0) = 1(e) for all e G (-£*,£*) and n > rf = max{0, £ - 2r}. 
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2.1.3 Some remarks about the hypotheses 

• Let us point out that the time parameterization of the separatrix has always singularities for complex 
time (see |Fon95| for the hyperbolic case and |BF04] for the parabolic one) . The real restriction in 
HP2 is that there exists only one singularity in the lines {Imu = ±a}. In Rcmark l4.28l wc explain 
how to generalize the results obtained in this paper to systems whose separatrix has more than one 
singularity with the same minimum imaginary part. 

• The conditions satisfied in HP2.1 and HP2.2 arc consequence of HP2. Indeed, let u* be a 
singularity of (qo(u),po(u)). We have that: 

— If V is a polynomial, let M be its degree. Then u* is a branching points (or pole) of order 
2/(M — 2). That is, if u belongs to a neighborhood of u* , then (qo(u) , po(u)) can be expressed 
as 

with C ^ some adequate constant. This fact is proved in |BF04j . 

From the above equalities, taking into account that the homoclinic connection is a solution of 
the unperturbed Hamiltonian system and identifying terms of the same order in (u — ia), one 
can deduce that the degree of V is 2r/(r — 1). In fact, there exists a constant Voc € K such 
that 

V{x) = v ao x' :rr!: {1 + o{l)) as x — > oo. (16) 

— If V is a trigonometric polynomial, let us call M to its degree. Then, for u belonging to a 
neighborhood of u* , {qo{u),po(u}) are of the form 

q (u) = Clog (-»(«- u*)) + 0((u - u*) 2 ' M ) 

Po(u) = -^- + 0((u-ur /M ) 
[u — u*) 

with the constant C = ±i2/M depending on lmqo(u) —> =Foo respectively. Indeed, first we 
note that, due to the fact that Keqo(u) £ [0, 27r], the condition |?o(w)| —> +oo asu^u* forces 
to |Imgo( w )| ~~ > +°° as u goes to u* . Assume that lmqo(u) — oo as u — > u* . We note that 
in this case, since qo(u) is a real analytic function, then u* is also a singularity of qo and it 
satisfies Imqo(u) — > +oo as u — > u*. We perform the change of variables x = ilogw and we 
emphasize that, if Imi — > — oo, then w — > 0. From the fact that 

we obtain that 

^=iw M / 2 -\co + 0(w)) 
aw 

for some constant cq. Henceforth, integrating both sides of the previous differential equation, 
we obtain u — u* = iw M / 2 {c\ + 0(w)), for some constant ci, which implies that w = ( — i(u — 

u*)) 2 ^ A/ (c2 + 0((u — «*) 2 / M )) for a suitable constant C2- and the results follows going back 
to the original variables. 

• In fact, let us observe that the hypotheses considered about the expansions of (qo(u),po(u)) given 
in (fl3|) and (fT4| (HP2.1 and HP2.2) are weaker than what usually happens when the potential 
V is a polynomial or a trigonometric polynomial as we have seen previously. This weakness comes 
from the fact that the second terms in the expansions are, in fact, of greater order. We assume this 
weaker hypothesis to show that our results could be applied to more general potentials as long as 
Hypothesis HP2 is satisfied. 
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• Hypothesis HP4.2 is to ensure that the parabolic critical point (0, 0) of the unperturbed system 
persists when we add the perturbation and that it keeps its parabolic character. Therefore it is the 
natural hypothesis to deal with and it is the same one that was considered in |BF04| . Namely, if 
the perturbation has order n with 2n — 2 < m, when the perturbation is added the system might 
undergo bifurcations and the invariant manifolds might even disappear. The only study done in 
one of these bifurcation cases can be found in |BF05] . 

• The class of the perturbed Hamiltonian H± considered is more restrictive than necessary. In fact, 
our result can be applied to any Hamiltonian of the form 

JV 
n=0 

if the functions H™ (qo(u) , po(u) , r) have a singularity of order less or equal than I + n. In this case, 
the order £{e) in (fT5j) does depend on e (£(0) = £, and £{e) = I + N if e ^ 0) and then Hypothesis 
HP5 is not satisfied. The result in this case would be the same but one has to slightly adapt the 
definition of the constant b in Theorem 12.71 

• Note that the hypothesis requiring £{e) constant is nothing but a non-degeneracy condition on the 
coefficients Ofe;(r;e). This condition is equivalent to ask that one of the pairs (k,l) reaching the 
maximum in the definition of £{e) in (|15[) for any value of e must reach also the maximum for e = 0. 

• Recall the Hamiltonian 

H (x,y, ^-e^j = H (x,y) + [ie n H x (x,y, ^;ej . 

Let us point out that in the case I — 2r < 0, Hypothesis HP5 corresponds to 77 > 0, which is 
optimal in the sense that it includes the case such that the perturbation is of the same order as the 
unperturbed system. 

The case £ = 2r is what typically happens in near integrable Hamiltonian systems close to a 
resonance and in general periodic systems with slow dynamics, therefore, in this sense Hypothesis 
HP5 is optimal in the generic case. 

In the case I — 2r > one may think to also ask 77 > 0. Nevertheless, our techniques only provide 
optimal exponentially upper bounds if rj — £ + 2r > 0. 

For lower values of 77, that is < 77 < £ — 2r, using similar tools as the ones presented in this paper, 
one could easily prove the existence of the perturbed invariant manifolds and obtain (non-optimal) 
exponentially small upper bounds for the difference between them. This case can be called below 
the singular case (see |GOS10| ). To obtain an asymptotic formula for the difference between the 
invariant manifolds in the below the singular case is a problem which remains open. Some ideas to 
deal with this case by using averaging theory can be found in jGOSlOj . 



2.2 Main results 



By Hypothesis HP1, system (0 with /1 = has either a hyperbolic or parabolic point at the origin. In 
the second case, Hypothesis HP4.2 ensures that the origin is also a critical point of the perturbed system 
(/i 7^ 0) which is also parabolic. In the hyperbolic case, the next theorem ensures that the hyperbolic 
critical point of the unperturbed system becomes a hyperbolic periodic orbit which is close to the origin. 

Theorem 2.2. Let us assume Hypotheses HP1.1, HPS. HP^.l. Take 77 > and fix any value po > 0. 
Then, there exists So > such that for any < /io and e € (0,£q), system ([7]) has a hyperbolic periodic 
orbit (x p (t/e),y p (t/e)) which satisfies that, for tel, 

< A"|/i|e" +1 











+ 











for a constant K > independent of e and /1. 
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The proof of this theorem, which was done in |DS97j for r\ > £, is given in Section An alternative 
proof for values of rj > —1/2 without explicit bounds for the periodic orbit can be found in |Fon95j . 
For the case when perturbation only depends on time in |Fon93j the existence of the periodic orbit with 
explicit bounds was given for 77 > —2. 

To use the same notation in both the hyperbolic and parabolic cases, in the latter one we define 

(x P ,y P ) = (0,0). 

The next step is to study the stable and unstable invariant manifolds of the periodic orbit (x p ,y p ). 
In the unperturbed case (that is fi = 0) we know that they coincide along the separatrix (qo-,Po) given in 
HP2. When // ^ they generically split. 

To measure the splitting of the invariant manifolds let us consider the 27re-Poincare map Pt in a 
transversal section S to = {(x, y, to); {x, y) € R 2 }. This Poincare map has a (hyperbolic or parabolic) 
fixed point (x p (to/e), y p (to/e)). We will see that this fixed point has stable and unstable invariant curves. 

As Pt is an area preserving map, we measure the splitting giving an asymptotic formula for the 
area of the lobes generated by these curves between two transversal homoclinic points. Moreover, by 
the area preserving character of P to , the area A of these lobes does not depend on the choice of the 
homoclinic points. Other quantities measuring the splitting, as the distance along a transversal section 
to the unperturbed separatrix, or the angle between these curves at an homoclinic point, can be easily 
derived from our work. 

Assuming HP5, we have that r\ > rf = max{<? — 2r, 0} (sec Hypothesis HP2 for the definition of r 
and (|15[) for the definition of £) . The quantitative measure of the splitting depends substantially on the 
sign of 77 — (£ — 2r). Therefore, we split these results into two different theorems. First, Theorem 12.41 
deals with the regular case 77 > £ — 2r and then Theorem 12.71 deals with the singular case 77 = £ — 2r, 
which can only happen provided £ — 2r > 0. We will give a complete description of the proof of the two 
theorems in Section [4j We also refer to Section [3] for an heuristic idea of the main features of the proof 
of our main results. 



2.2.1 Main result for the regular case 

In this section we will give results concerning the regular case. This case appears in two different settings. 
The first one is when 77 > 77* = max{^ — 2r, 0} and we will see in Theorem 12.41 that Mclnikov predicts 
the splitting correctly. The second case is when £ — 2r < and 77 = 77* = 0. In this case, we reach the 
natural value 77 = before we reach the singular limit 77 = £ — 2r < 0. We will see in Theorem 12.41 that 
even if we are in a regular setting, one has to modify slightly the Melnikov function to obtain the true 
first asymptotic order. 

Since the asymptotic coefficient for the area of the lobe between two consecutive homoclinic points is 
strongly related with the Melnikov Potential, first of all we are going to obtain an asymptotic formula 
for it. 

The Melnikov Potential (called also sometimes Poincare Function, see for instance |DG00j ). is given 

by 

L\u,^;ej=J H 1 (q (u + s),p (u + s),£- 1 (t + s);e)ds. (17) 
Let us point out that, by Hypothesis HP4, this integral is uniformly convergent. Moreover 

L{ Ui t;e) = M(r - e^u.e), (18) 

where M is the 27r-periodic function 

/+00 
H, (q (r), Po (r), e~ x r + s;e)dr = Y, {e)e lks 
-°° k^O 

which, by HP3, has zero mean. Here denotes the fc-Fourier coefficient of M. 

In [DS97j (polar case) and [BF04] (branching point case), it was seen that Hypotheses HP3 and HP4 
allow us to give an asymptotic formula for the Fourier coefficients of M and henceforth we will obtain an 
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asymptotic formula for the functions M and L. To state the lemma, we first define the following Fourier 
expansion 

ffi(<fc(ii),po(u),T;0)= H^(qo(u),po(u);0)e ik \ 
fcez\{o} 

Note that, by the definition of I in (TT5]) . all the Fourier coefficients (qo(u),po(u); 0) have at u = ±ia 
a branching point of order less than or equal to I. 

Lemma 2.3 QDS971 IEF04] ). Let us assume Hypotheses HP2, HP3 and HP 4- Let 

Jo , 

where A is the constant defined as 

A= ]im(u-iaYH^(q {u), Po {u);0). (19) 

u—¥%a 

Then: 

1. The first Fourier coefficients of M are given by: 

MW = Ml" 1 ! = -^e-f (/ + O (e*)) . 



#l =0 [_}_ e -l'li 



2. // |*| ^ 1, 



5. For and t £ K, 

L {u,- £ ,A =~^e~T (Re (/oe"^)) +0 

where a and (3 are the constants defined in Hypothesis HP2. 

Theorem 2.4 (Main Theorem: Regular case). Let us assume Hypotheses HP1-HP5 and r\ > £ — 2r. 

Then, given any fig > 0, there exists Sq > such that for any p € {\/i\ < /zo} and e £ (0, eo) the area of 
the lobes between the invariant manifolds of the periodic orbit given in Theorem \2.2\ is given by, 

• ifv>n*> 

A = (|/o| + O (-Lp) ) , (20) 

where fo is the constant given in Lemma \2.3l v = 1 if £ — 2r < and v = £ — 2r if £ — 2r > 0. 

• If rj = ( which can only happen if £ — 2r < 0), 

A = (|/ e iC ^| +0 (y^)) . (21) 

where fo is the constant given in Lemma \2.S\ and C(/i) is an entire analytic function which satisfies 

Note that if fo = 0, this theorem only gives exponentially small upper bounds for of the area A. 

Corollary 2.5. Let us assume the hypotheses of Theorem \2.Jf\ and fo ^ 0, where fo is the constant 
given in Lemma \2.S\ Then, the invariant manifolds intersect transversally and the area of the lobes of 
the Poincare map between two consecutive transversal homoclinic points is asymptotically given by the 
formulas stated in Theorem \2.4\ 

Remark 2.6. In Corollaru \2.5\ we have asked for the hypothesis fo =/= 0, which by Lemma \2. 3\ corresvonds 
to A 7^ 0. This condition is equivalent to ask that the Fourier coefficients H^ 1 \qo(u),po(u); 0) have 
branching points of order exactly £ at u = ±ia. Note that this hypothesis is generic since it is equivalent 
to assume that some coefficient in the Laurent expansions of H^ ll \qo(u),po(u);0) a t the points u = ztia 
is non-zero. 
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2.2.2 Main result for the singular case 



The case £ > 2r and 77 = £ — 2r is essentially different from the previous cases in the sense that we 
are not able to have "a priori" estimates for the asymptotic coefficient of the area of the lobes between 
two consecutive homoclinic points. Such asymptotic coefficient depends on an unknown function (f(fi) 
in Theorem 12.71) which comes from the study of the difference between adequate approximations of the 
invariant manifolds near the singularities ±ia. 

Theorem 2.7 (Main Theorem: singular case). Let us assume Hypotheses HP1-HP5, £ — 2r > and 

77 = £ — 2r. Then, given any fixed fx, there exists Eq > such that if e € (0, eq), the area of the lobes 
between the invariant manifolds of the periodic orbit given in Theorem \2.2\ is given by 



• If£-2r>0, 

A = i\^- 2r e~e (J/ ( M )| + O [j^f^ ) ) (22) 

where /(/i) is an entire analytic function. 

• If £-2r = 0, 



A = 4\[i\e 1 - 2r e-e+^ lmbhl i 



where b G C is a constant, whose explicit expression is given in (|8ip . f(fJ.) is an entire analytic 
function and C(/i) is an entire analytic function such that C(fi) = O(fi). 



Corollary 2.8. Let us assume the hypotheses of Theorem \2.1\ and /(/i) 7^ 0. Then, the invariant 
manifolds intersect transversally and the area of the lobes of the Poincare map between two consecutive 
transversal homoclinic points is asymptotically given by the formulas of Theorem \2. 7| 



2.2.3 Some comments about the results 

• It is important to mention that, by applying Theorems 12.41 and 12.71 we do not need to compute 
exactly a parameterization (qo(u) , po(u)) of the homoclinic orbit in order to know the size of the 
splitting. What we need is the behavior of the homoclinic connection around its singularities ±ia, 
which as we pointed out in Section [2.1.31 can be computed explicitly. 

• The constant b appearing in Theorem 12.71 can be computed explicitly as it is showed in formula 
(|8l|) in Proposition 14.151 In particular, b — when the Hamiltonian Hi in ([9]) and (fTU)) does not 
depend on y. For this reason, in the previous results obtained in the singular case corresponding 
to 77 = I - 2r = 0, see jTre971 IGelOOl IOli061 [GOSTO] . this term does not appear. The appearance 
of this logarithmic term in the asymptotic formula had already been detected in |Bal06] . Let us 
also point out that an analogous phenomenon happens in the analytic unfoldings of the Hopf-zero 
singularity (see [BS06L lBS08p and in weak resonances of area preserving maps jSV09j . 

• The constant C(fi) appearing in Theorems 12.41 and 12.71 also satisfies C(n) = if the Hamiltonian 
Hi in ([9]) and (jTUjl does not depend on y. In Section l9.2.3l we give an explicit expression of C(/j) in 
terms of several explicitly computable auxiliary functions. 

• If one weakens Hypothesis HP3 to admit Hamiltonian systems with C 1 dependence on t, one can 
get analogous results to the ones obtained in Theorems 12.41 and 12.71 

• Comparison with Melnikov. Observe that when r\ > if , Theorem 12.41 gives a natural result 
which generalizes the previous results dealing with the regular case (see Section 11.11 about histor- 
ical remarks): if one artificially assumes that the perturbation is small enough, the splitting of 
separatrices is given in first order by the Melnikov function. 

If £ — 2r < and n = 0, the Melnikov function does not predict the area correctly in general. 
Nevertheless, since C(n) = when the perturbation does not depend on y, in this case Melnikov 
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theory gives the asymptotic size of the area of the lobes even if 77 = 0, that is, when the perturbation 
has the same size as the integrable system. 

In the singular cases I — 2r > and 77 = 77* = i — 2r, we know that the function /(/j) appearing in 
Theorem 12. 71 satisfies that for /i small 

f([i) = f + O( f i), 

where fo <G C is a constant independent of fi. In |Bal06| , it is seen that the constant fo coincides 
with the constant that Melnikov theory gives in front of the exponential term (see Lemma r2.3[) . 

In other words, this means that for the case i — 2r > 0, if /i is a small parameter and fo =/= 0, 
Melnikov theory also predicts the asymptotic behavior of the area of the lobes correctly. 

In the case t — 2r = 0, fo also corresponds to the Melnikov theory prediction. Nevertheless, since 
a logarithmic term appears in the exponential, the Melnikov prediction is valid provided 

, 1 



Of course, if b = 0, as happens when the perturbation does not depend on y, the Melnikov prediction 
is valid for any /1 small and independent of e. 

2.2.4 Examples 

In this section we apply Theorems 12 .41 and 12 . 71 to some examples. We consider the Duffing equation 

9 9 4 

tt 1 \ y x , x 

Ho{x,y) = — - — + — 

with different perturbations. The Duffing equation has two separatrices forming a figure eight, which are 
parameterized by 

. . . . , . .. / V2 V2sinhw\ 
\ coshu cosh u J 

The singularities of these separatrices which are closer to the real axis are u = ±iir/2 and r — 2 (see the 
definition of r in Hypothesis HP2). 

We consider two different types of perturbations and we study how the separatrix r + splits. The first 
perturbation is 

H(x, y)-^r-^ + X+ sin - 

2 2 4 e 

for n £ N and 77 > 0. Then the order of the perturbation is I — n (see the definition of I in (TT5)) ). 

Applying Melnikov theory to these Hamiltonian systems, one obtains the following prediction for the 
area of the lobes 

A ^ W \n-l)\e«-^ + ° ■ (24) 

For i] > if = max{n — 4, 0} or rj — and n < 4 (which corresponds to £ — 2r < 0), one can apply 
Theorem 12.41 to see that Melnikov theory predicts correctly the area of the lobes. Note that C(/i) = 
since the perturbation does not depend on y. Then, 

2$+ 2 7T T 

A ^ e \ n -iy.^ e ~^ (25) 

The case n > 4 corresponds to I > 2r. In this case for 77 = 77* = n — 4, since the perturbation does 
not depend on y, we have that b = and C(/i) = 0. Then, applying Theorem 12.71 the area is given by 
the formula 

x- M ^.-*( 1+0 ( ' )), 
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where /(/it) satisfies 



/(M) 



2 2 7ri 
(n-1)! 



0( M ). 



(27) 



Therefore, for 77 = n — 4 and fixed /x independent of e, the first order depends on the full jet of /(/x) and 
then the Melnikov function does not predict it correctly. 

To see how the first asymptotic order of the area of the lobes changes when the perturbation depends 
on y, we consider the following perturbation of the Duffing equation, where £ = 2r — 4 and rj = £— 2r = 0, 

tt/ x v 2 x 2 xi ( a ■ t - 9 t\ 
H{x,y) = — - — + — + /x I x sin -+ Air y cos - I 



with A G 



For this example, Melnikov theory predicts that the area of the lobes is 

, 4-7T 



A 



72A| 



e 2e 



out 



Note that if one takes A = 0, A coincides with (f2~4"|) with n = 4 and 77 = 0. On the other hand, if one 
takes A = — y2 the Melnikov function is degenerate since the first order vanishes. 

Since I = 2r and r\ = 0, one can apply Theorem 12.71 Using formula (|5T|) for the definition of b, one 
can easily see that b = — 4\/2Ai. Therefore, the true first asymptotic order of the area of the lobes is 
given by 

1 



A I I ^ -^--4%/2Au 2 In i 



/(M)e 



;c( M ) 
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(28) 



where /(/x) satisfies 



/(M) = y (2 + V2A)+G(/i) 



One can take, for instance, \i = 1 and write formula 

4 



as 



.4 



-3-4%/2A 



e 2e 



;c(i) 
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Therefore, the correcting logarithmic term in the exponential implies a drastic change in the power of 
£ in the asymptotics. Note that one can take any A G R and then the power of e in the first order can 
change arbitrarily, both increasing or decreasing. Finally, if one takes A = 0, one recovers formula 



2.3 Near integrable Hamiltonian systems of l| degrees of freedom close to a 
resonance 

The results obtained in this work can be easily adapted to study near integrable Hamiltonian systems 
of 1^ degrees of freedom close to a resonance. Let us consider an analytic Hamiltonian system with 
Hamiltonian 

h(x,I,T) = h (I)+Sh 1 (x,I,T), (29) 

where S 1 is a small parameter, (x, r) G T 2 , / G M and h\ is a trigonometric polynomial as a function 
of x. When (5 = 0, the Hamiltonian system is completely integrable (in the sense of Liouvillc-Arnold) 
and the phase space is foliated by invariant tori with frequency ui{I) = (diho(I), 1). 

In particular, if for certain J, there exists k G 1? such that lu(I) ■ k = 0, the corresponding torus is 
foliated by periodic orbits. When 5 > (but small enough), it is a well known fact that typically this 
torus, a resonant torus, breaks down. 

Let us consider the simplest setting and let us assume that 

h (I) = y + G(I) with G(J) = O {I 3 ) . 
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Then 1 = corresponds to the resonant vector w(0) = (0, 1). To study the dynamics of the perturbed 
system around this resonance, one usually performs the rescaling 

/ = \/~8ii and r = —= 
and takes e = V8 as a new parameter. Then, one obtains the Hamiltonian 

H(x, y,t) = y~ + \c(ey) + V(x) + F (x, -) + R ( x, ey, - 



where 



which can be written as 



with 



1 f 2 " 

V(x) = (hi(x, 0, r > = — / hi(x, 0, r) dr 
2tt Jo 

F(x,t) = hi(x,0,r) - {hi(x,0,r)) 
R(x, I, t) = hi(x, I, t) — hx(x, 0, r), 



H ( x,y, - j = H (x,y) + \iH x (x,y, ~,e 



H {x,y)= V ^ + V{x) 

Hi(x,y,r,e) = F(x,t) + -^G{ey) + R(x,ey,r). 

Here fi is in fact a fake parameter, since we are interested in the case fj, = 1. This system is similar to 
the ones considered in this paper. Let us point out also that, by definition, e~ 2 G(ey) and R(x, ey, r) are 
of order e. 

Let us assume that the Hamiltonian H satisfies Hypotheses HP1-HP4 and instead of HP5 satisfies 
the alternative hypothesis that V, which is a trigonometric polynomial, has the same degree as hi in |29|) 
as a function of x. Then, using the tools considered in this paper, one can give an asymptotic formula 
analogous to the one given in Theorem 12.71 Let us point out that in this setting, even if the terms 
e~ 2 G(ey) and R(x, ey, r) arc of order e and therefore smaller than F(x, t), the function f(fi) appearing 
in Theorem 12.71 depends not only on F but also on the full jet in y of G and R. The reason is that 
these terms become of the same order as V(x) and F(x,t) close to the singularities of the unperturbed 
separatrix. Moreover, for these systems, the first asymptotic order also has the logarithmic term in the 
exponential as it happens in Theorem 12.71 for I — 2r = 0. We plan to study rigorously these kind of 
systems in future work. 



3 Heuristic ideas of the proof 

The rigorous proofs of asymptotic formulas for measuring the splitting of separatrices require a signif- 
icant amount of technicalities. For the convenience of the reader, even though in Section [4] we give a 
precise description of the entire proof of Theorems 12.41 and 12.71 we first devote this section to give an 
heuristic description of our strategy explaining the main differences respect to the ones already used in 
the literature. We also explain the main novelties we have introduced to overcome the difficulties that 
our general setting involves. 



3.1 Measuring the splitting by using generating functions 

To measure the splitting using generating functions we use the method in [LMS031 ISauOlj , based on ideas 
by Poincare |Poi99j . Roughly speaking, if the invariant manifolds can be expressed in a suitable way, 
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then the area of the lobes generated by the perturbed manifolds between two consecutive homoclinic 
points and also the distance between the manifolds can be simply computed by the difference between 
two functions. 

Let us explain this approach in more detail. As the main goal is to measure the distance of the stable 
and unstable manifolds of the periodic orbit (x p (t/e),y p (t/e)) in a Poincare section £ to , it is useful to 
obtain these manifolds as graphs. The stable and unstable manifolds of the perturbed system can be 
expressed as graphs as 

y = ip(x, t/e) = y p (t/e) + d x S s ' u {x - x p (t/e),t/e) 

in some complex domains, where the functions S s ' u are called generating functions. The generating 
functions S s,u (q,r) are solutions of the Hamilton- Jacobi equation associated to our Hamiltonian system 
after the change of variables 

q = x-x p (t/e), p = y-y p (t/e) 

and the change of time t = t/e. 

Note that for fi = 0, as the Hamiltonian is autonomous, the Hamilton- Jacobi equation reads: 

^l + v {q) = o 

which gives d q S s (q,T) = d q S u (q 7 T) = d q So(q) = \J—2V{q) as the homoclinic connection. 

Then, to measure the distance between the stable and the unstable manifolds in a Poincare section 
we just need to compute: 

d(q, t ) = d q S u (q, to/e) - d q S s (q, t /e) (30) 
and it is standard that the area of the lobes is given by 

A = S u (q 2 ,t /e) - S s (q 2 ,t /s) - (S u ( qi ,t /s) - S s ( qi ,t /e)) , (31) 

where q\, q 2 are the coordinates of two consecutive homoclinic points in the section S to . Note that, 
thanks to the symplectic structure, A does not depend on to. 

We perform the change of variables q = qo (it) , where qo (u) is the first component of the unperturbed 
homoclinic orbit. In this way, we work with the function 

T u ' s (u,T) = S u - s (q (u), T ) 

that is, we write the perturbed manifolds as functions of the time r and the "time over the homoclinic 
orbit" it, which parameterizes the unperturbed homoclinic orbit. These functions satisfy a new Hamilton- 
Jacobi equation, which is easier to deal with. 
We consider the difference 

A(u,t) =T"(u,t)-T s (u,t). 

The first observation is that, when fi = 0, we have po(u) = d q So(qo(u)). Therefore d u T u ' s (u,r) = 
d u To(u) = po(u)d q S u,s (qo(u), r) = (po(u)) 2 which corresponds to the parameterization of the unperturbed 
separatrix. Then, by analyticity with respect to the regular parameter /i, we have that A(u, r) = O(fi). 

The second observation is that, as the experts in this area know, A(it, r) is exponentially small in 
the singular parameter e. To obtain sharp estimates of A(u, r), we need to bound it, and consequently 
T u (u,t) and T s (u,r), in a region of the complex plane that, on one hand, contains a segment of the 
real line having two values of u giving rise to two consecutive homoclinic points and, on the other hand, 
intersects a neighborhood sufficiently close to the singularities ±ia of Tq{u). 

Assume that we can construct parameterizations T u ' s (u,t) of the perturbed invariant manifolds sat- 
isfying both that they are 2-7r-periodic with respect to r and that they are real-analytic and bounded in 
some complex domain which contains two real values of u which give rise to two consecutive homoclinic 
points. Now we are going to explain how an exponentially small upper bound of the difference A can be 
derived. The first point is that, being T u and T s solutions of the same partial differential equation (with 
different boundary conditions), A(it, r) satisfies a homogeneous linear partial differential equation. One 
can see that this equation is conjugated to (ed u + d T )Y(u, t) = 0. Let us assume for a moment that A 
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is a solution of this equation. In fact, in Theorems 14.171 and 14.211 we will see that this is true after a 
suitable change of variables. Then, we obtain that A(u,r) = A(r — u/e) and, since A is 27r-periodic in 
r, A(s) is a 2-7r-periodic function in s. This fact implies that 

A(u,t) = ^A fe e-^e lfcT . 

feez 

Now, a bound |A(w,t)| < M for |Imu| < a', automatically gives 

|A fc | < Me~^, k^O 

which implies that \A(u, t) — Ao| < 4Af e~~ for real values of u. The bigger the size of the strip where we 
can bound |A(u, r)| the smaller the exponential that gives the bound for real values of u. Note that the 
constant Ao does not appear neither in the formula of the area pip , nor in the formula of the distance 
(|30p If we use Mclnikov theory the expected exponential exponent is a, where ±ai are the singularities 
of To- Then, to obtain sharp bounds, it would be enough to take a' — a — e. 

In some cases, which correspond to r\ = in {!]), the change of variables which conjugates the original 
partial differential equation for A(u,t) with (ed u + d T )Y(u,r) = is not close enough to the identity. 
This fact implies the appearance of the constant C(/i) and the logarithmic term in the asymptotic 
formulas obtained in Theorems 12.41 and 12.71 This change of variables is obtained, essentially, studying 
the variational equation along the perturbed invariant manifolds. Therefore, the existence of these terms, 
which were not present in the Melnikov prediction, shows that, to study the exponentially small splitting 
of separatrices, it is not enough to look for the first order approximations of the invariant manifolds close 
to the singularities. One has to look also for the first order of certain solutions of the variational equation 
of the perturbed invariant manifolds close to the singularities. In fact, these terms appear when these 
certain solutions of the variational equation of the perturbed invariant manifolds close to the singularities 
are not well approximated by the solutions of the variational equation of the unperturbed scparatrix. 

Then, roughly speaking one can conclude that Melnikov theory gives the correct answer if: 

• The perturbed invariant manifolds are well approximated by the unperturbed separatrix close to 
the singularity. 

• The solutions of the variational equation along the perturbed invariant manifold are well approxi- 
mated by certain solutions of the variational equation along the unperturbed separatrix. 

In all the other cases, the splitting is given by an alternative formula. This fact, is explained in more 
detail Section EOl 

3.2 The boomerang domains 

For the Hamiltonians considered in this paper, the invariant manifolds, in general, are not global graphs 
over q. Therefore, the approach explained in the previous section cannot be used straightforwardly. 
Nevertheless, we will see that there are always regions in the phase space where both manifolds are 
graphs and we will use one of these regions to measure the splitting. Consequently, being the area of the 
lobes an invariant quantity, this will give the wanted result. 

As we have explained, we are forced to find parameterizations T u ' s of the invariant manifolds which 
have to be analytic in a common complex domain which reaches points at a distance e of the singularities. 
Moreover we also need to guarantee that our domain contains an open set of real values of u (this will 
be enough to ensure that the domain contains u\ and that give rise to homoclinic points since they 
are e close). 

To this end let us observe that we have no hope to construct parameterizations T u,s (u,t) for values 
of u such that pa(u) = 0, at least in a general case. In fact, the unperturbed homoclinic connection can 
be expressed as graphjp = \J— 2V(q)} U graph{p = — \J—2V(q)}. Then if po(u n ) = 0, for some value 
Mo, the unperturbed homoclinic connection cannot be expressed as a graph over the base in the original 



20 



variables (q,p) in a neighborhood of (qo(uo), 0). This fact implies that the Hamilton- Jacobi equation that 
T u ' s has to satisfy is not defined for u — uq. 

We will always keep in mind that we need to check this condition (po(u) ^ 0) if we want to use the 
parameterizations T u ' s . 

For this reason we define the following boomerang domains (see Figure [5]), in which po(u) ^ 0, and 
hence the functions T s,u will be well defined on them. 

D S K d = {u G C; |Imu| < tan/?iRe u + a — ke, \Ixnu\ < tan /^Rew + a — ke, 

|Im u\ > tan /^Re u + a — d} 
D"^={«eC; |Imu| < — tan/3iReu + a — ke, |Imu| < tan/^Reu + a — ke, 

|Im u\ > tan /?2Rc u + a — d} 

U {u G C; |Imit| < — tan /?i Re it + a — ke, \lmu\ > — tan^Reu + a — d, 
Re u < 0} , 

where /3i £ (0,7r/2) is any fixed angle. 

To choose 02 we use the following. First we point out that the zeros of po{u) are isolated in C. 
Moreover, close to the singularities u — ±ia, po(u) can not vanish. Then, in order to assure that po(u) 
does not vanish in the whole domains D S K d and d , one has to choose an angle /?2 such that > Pi 
and the lines |Imu| = tan ,02 Re u + a do not contain any zero of po(u). Then, taking e > and d > 
independent of e, both small enough, one can guarantee that po(u) does not vanish neither in D S K d nor 
in Dl d . _ 

We will use these boomerang domains as fundamental domains to measure the splitting. It is important 
to emphasize that both D S K d and d reach a neighborhood of the singularities ±ia of size e. 




Figure 2: The boomerang domains d and D S K d defined in p2p . 

Remark 3.1. Let us observe that the domains d and D S K d have different shape. We will give all the 
proofs in the unstable case. All of them are analogous, and even simpler, in the stable one. 

To study the difference between the manifolds, we consider A(u,t) = T u (u,t) — T s {u,t) in the 
domain R Kt d = D S K d n d which is defined as 

Rn,d = {u G C; |Imu| < tan^Rcu + a ~ ke, |Imu| > tan^Rcu + a — d, 
|Im u\ < — tan /3]Re u + a — ke} . 

We recall that po(u) ^ if u G R K: d and hence we can use the functions T s ' u in this domain. 
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Figure 3: The domain R K .d denned in (|33[) . 



The domain R K ^d, where we measure the difference between the invariant manifolds, is considerably 
different from the ones used in previous works (see for instance |Sau01j ). where the analogous domains 
look like diamonds. In [Sa uOlj . the author considers systems for which the unperturbed separatrix is a 
graph globally and then he can work in such wide domains. 

Once we have the difference A in R K ^d, using the arguments exposed in the previous subsection one 
can obtain exponentially small upper bounds for A. 

Recall that our goal is to give an asymptotic formula for the area of the lobe between two consecutive 
homoclinic points. Henceforth, once we find the hrst asymptotic term of A, which we call Ao, we use the 
arguments indicated in the previous section to bound the difference A(u,r) — Aq(u,t). We will come 
back to the problem of finding Aq in Section l3~fl 



3.3 Parameterizations of the invariant manifolds of the perturbed system 

In this section we are going to explain the strategy we use to prove the existence of T u,s in the corre- 
sponding boomerang domains D™' d . In fact we will always deal with d u T u,s . 

We begin our construction near the origin (q,p) — (0,0). In terms of the new variable u this corre- 
sponds to take Reu near — oo for the unstable invariant manifold and near +oo for the stable one. 

Given p\ > 0, we consider the following domains: 

DZo, Pl = {u£C;Reu<- Pl } 

D^ pi ={ueC:Rcu> Pl }. ^ 

It is not difficult to prove that the constant p\ can be taken big enough so that po(u) does not vanish 
in these domains. Henceforth the Hamilton- Jacobi formulation is allowed in these domains (see (|53|) and 
(|M|) b The first result is Theorem 14.31 where we prove the existence of d u T s ' u and we see that both are 
well approximated by 8 u Tq in D^ s pi . This result gives the existence of local invariant manifolds and, 
moreover, provides suitable properties of them. 

In the case that po(u) ^ the next step is to extend d u T u ' s to the so-called outer domains (see Figure 
[4]) defined by 

Dp U ^' u = {h£C; |Imu| < - tan/3iRcu + a - ks, Rcu > -p} 

where k > 0, which might depend on e, is such that a — he > 0. The constant p will be taken p > pi, in 
order to ensure that n D° u ^'* ^ for * = u,s. Since we have already proved the existence of local 

invariant manifolds defined in D^ s pi , therefore d u T u ' s are defined in n D° u ^ * for * = u,s. 
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Figure 4: The outer domains D°^' u and £>° U K M denned in ([3"5J). 

In Theorem 14.41 it is proved that d u T u - s (u,T) can be extended to the outer domain D° n *~* , * = u, s, 
and that is well approximated (in some norm) by 8 u Tq(u) there. 

In the case that Po(u) vanishes in the outer domains the procedure becomes a little technical. The 
main idea is to use parameterizations of the invariant manifolds of the form (Q(u, r), P(u, r)) to extend 
them to a new domain where po(u) does not vanish anymore and that overlaps with the boomerang 
domain D"', (see Theorem I4.6[) . We point out that these new domains are still far away from the 
singularities ±ia of To (it), henceforth the obtention of the parameterizations defined in these domains is 
straightforward (see Theorem I4.7f) . Once we have proved the existence of the parameterizations of the 
invariant manifolds for values of u far from the singularities but inside the boomerang domains D"' d , we 
can recover the generating functions d u T u,s (u, r) and extend them to the whole boomerang domains D™' d 
in Theorem [4~5T 

We want to emphasize here that 

• We are able to extend the manifolds up to a distance of order £ of the singularities in all the cases 
without using any inner equation even in the singular case t — 2r > and n = £ — 2r. 

• The outer domain D° u ^* contains the boomerang domain D* K d for * = u, s. 
3.4 The asymptotic first order of A 

Even though we have proved the existence of the invariant manifolds in the boomerang domains, we need 
some extra information to detect the asymptotic first order of their difference. The main idea is that 
functions which are of algebraic order with respect to e near the singularities ±za are exponentially small 
for real values of u. Thus, the main point to compute the difference and capture the asymptotic first 
order is to be able to give the main terms of this difference close to the singularities, concretely, up to 
distance of order e of the singularities. For that we need to give better approximations of the generating 
functions T u ' s (u, t) near the singularities ±ia of the homoclinic connection. 

To this end, we define the so-called inner domains (see Figure [5|, which arc defined as 

D™'^' u ={«eC; Im u > — tan /3i (Re u + ce 1 ) + a, Im u < — tan ^Re u + a — ne, 

Im u < — tan /3qHc u + a — ks} 
D^»={«eC;fi6D^»} (36) 

D™y°={ueC;-u€D^>-} 
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for k > 0, c > and 7 E (0,1). On the other hand, /3i and 02 are the angles considered in the 
definition of the boomerang domains in (|32l) and /3q is any angle satisfying that /?i — /?o has a positive 
lower bound independent of e and fi. 14.5.21 /?2. Let us observe that, if u <G -D" 1 ^'*! * = u j s j then 
0{ks) < \u=Fia\ < C(e 7 ). 




— ia 



Figure 5: The inner domains defined in (I3GD . 

Let us observe that simply rewriting /i := /i£ J '~'' , one can include the regular case (77 > 77* ) into the 
singular one. This is very convenient since one can prove the results for both cases at the same time. 
Therefore, from now on in this section, we will focus on the singular case. 

When studying the functions d u T u,s evaluated in the inner domains, one can distinguish the cases 
£—2r < or £—2r > 0. The difference between these two cases, roughly speaking, is that, when £~2r < 0, 
the approximation of the manifolds in the inner domain is still given by the first order perturbation theory 
as is stated in Proposition 14.181 In the case I — 2r > this fact is not true anymore. 

Analyzing d u T u ' s close to the singularity ia, one can see that, if u — ia = O(e), then d u T M,s is of order 
0(1/ £ 2r ). For this reason we perform the change of variables u = ia + ez and we study the functions 
ip u ' a (z,T) = £ 2r ~ 1 T u - s (ia + ez,r). The first order in e of these functions verifies the so called inner 
equation. Their solutions tpQ ,S ( z i T ) were studied in |Bal06l . Then, in Theorem 14.161 we provide a bound 
for \tjj u ' s (z,t) — ipo' S {z, t)|. This is known as complex matching. 

We emphasize that we have not used the inner solutions iPq' s (z, t) to extend our functions T u,s to the 
inner domains since we already knew their existence. Henceforth to bound \ip u,s (z, t) — i()q' s (z, r)| we have 
exploited the same idea as the one used to study the difference A = T u — T s . Let us explain it in more 
detail. As we have explained in Section [3.31 we have already proved the existence of generating functions 
T u ' s in the whole boomerang domains. Henceforth, the new functions i{j u ' s (z,t) = e 2r ~ 1 T u ' s (ia + ez, r) 
have the corresponding properties coming from the ones of T u ' s . Now we consider the difference Aip u,s = 
d z ip u ' s — d z tjjo. Such functions (which are known) satisfy a non-homogeneous linear equation which can 
be "easily" studied. Summarizing, we just obtain an "a posteriori" bound of A^p u,s . This makes our 
complex matching considerably simpler because we just need to use Gronwall-likc techniques. 

In both cases £ — 2r < and £ — 2r > 0, we have now accurate approximations for T u - S near the 
singularities. Let us call them Tq' s . The first order asymptotics for the difference A = T u — T s comes 
from Tq — Tq after a change of variables. Recall that, as we have explained in Section 13.11 in some 
cases, this change of variables implies an additional correcting term in Tq — Tg . Finally, we bound the 
remainder by using the techniques explained in Section 13.11 



24 



4 Description of the proofs of Theorems 12.41 and 12.71 

We devote this section to prove Theorems 12.41 and 12.71 



4.1 Basic notations 

First, we introduce some basic notations which will be used through the paper. 
We denote by T = R/(27rZ) the real 1-dimensional torus and by 

T„ = {re C/(2ttZ); |Imr| < a} , 

with a > 0, the torus with a complex strip. 

Given a function h : D x T CT — > C, where D C C is an open set, we denote its Fourier series by 



h(u,r) = J2h [k] (u) 



e ikr 



A-e: 



and its average by 



1 r 27r 

(h) (u) = h [0] (u) = — h(u, t) dr. 

27T ./n 



In any Banach space (Af, || • ||), we define the following balls 

B(R) = {x G X; \\x\\ < R} 
B(R) = {xeX; \\x\\ < R}. 

By Hypothesis HP3, the Hamiltonian H in (J7|) is analytic in r = t/e. By the compactness of T, 

there exists a constant o-q such that H is continuous in T ao and analytic in T CTo . From now on, we fix 

< a < do- 
Throughout the proof of Theorems 12.41 and 12.71 we will use the analyticity in \i. We fix an arbitrary 

value fj,o > 0. Even if we do not write it explicitly, all functions we will encounter from now on will be 

analytic in fi £ B(hq). 

From now on, we work with the fast time r = t/e. Then, denoting ' = d/dr, we have the system 

x' = e{y + fie v d y H 1 (x,y,T;e)) , , 

y > =- e {V'{x) + ^d x H x {x,y,T;e)). {6I > 

In order to simplify the notation, through the rest of this paper we will denote by K any constant 
independent of fi and e to state all the bounds. 

4.2 The periodic orbit 

In the parabolic case, Hypothesis HP4.2 on Hi implies that the origin is still a critical point of the 
perturbed system Q37[) In the hyperbolic case, the next theorem states the existence and useful properties 
of a hyperbolic periodic orbit close to the origin of the perturbed system. 

Theorem 4.1. Let us assume Hypotheses HP1.1, HP3, HP4-1 and rj > 0. Then, there exists £o > 
such that for any < no and e € (0,£o), system (|37|) has a lit -periodic orbit (x p (t), y p (r)) : T CT — > C 2 
which is real- analytic and satisfies 

sup (|.T p (r)| + |y p (r)|)<6o|/i| £ " +1 , 

where &o > is a constant independent of £ and fi. 
This theorem is proved in Section [5] 
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Remark 4.2. The Hamiltonian H\, the periodic orbit (x p (r), 2/ p (t)), and consequently the Hamiltonians 
H, Hi, H\, H\, which will be defined below, depend on the parameters ll, e. From now on, we will not 
write this dependence explicitly but we will emphasize it when necessary. 

Once we know the existence of the periodic orbit, we perform the time dependent change of variables 

q = x- x p (r) 



(38) 

p = y- y P {r) 

which transforms system (|37[) into a Hamiltonian system with Hamiltonian function eH(q,p,r): 

H(q,p, T )=^ + V(q + x p (r)) - V (x p (r)) - V (x p (r)) q 
+ Lie r 'Hi{q,p, t) 

with 

Hi(q,p,r) =Hi(x p (t) +q,y P {r) +p,r) - ffi(x p (r), y p (r), r) 
-DH x {x p {T),y p {T),T)( q p 



(40) 



where we have denoted DH\ = (d x Hi,d y H-\). We have added the terms V (x p (t)) and H\{x p {t), y p (r), r) 
for convenience. Note that they do not generate any term in the differential equations associated to H . 
Since |(x p (r), y p (r))| = O (fie n+1 ) , Hi can be split as 

H 1 (q,p,T)=Hl(q,p,T) + eH\ (q, p, r) , 

where 

Hl{q,p,T)=H 1 {q,p,r)-H l {Q,Q,T)-DH x {Q,Q,T) ( J 

and Hf(q,p, r) is the remaining part. In fact, we can give a more precise formula for Hi and H\ in both 
the polynomial and the trigonometric cases: 



H\{q,p,r)= ^ a k i{r)q k p l (polynomial case) 

2<k+l<N 

Hl(q,p,r)= J2 a k0 (r){e lk ^l-zkq) (41) 
k=-N,...,N 

+ ^2 a ki( T ) (e lfc<? - l) P + ^2 a ki(T)e lkq p l , (trigonometric case) 

k=-N,...,N k=-N....,N 

1=2,..., N 

where a k i are the functions defined in © and ([TU|) and have zero average, that is 

(H\) = 0. (42) 

Let us point out that H\ is H\ subtracting its linear terms in (x,y), and hence it is of order n = 2. 
The Hamiltonian H\ is given by: 

Hf(q,p,r)= ^ Cki(r)q k p l (polynomial case) 

2<k+l<N-l 



H 2 1 (q,p,r)= c k0 (r)(e ikq -l-ikq) (43) 

J,...,N 

c fc i(T) (e tkq - l) p + ^2 c k i(T)e lkq p l , (trigonometric case) 



k=-N,...,N 



k=-N....,N k=-N,...,N 

l=2....,N-l 
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where Cki are 27r-periodic functions which, in general, do not have zero average. As we will see in Corollary 
15.61 the functions Cki are 27r-pcriodic and satisfy 

\c k i(r)\ < K\fi\e\ (44) 

In the case that the unperturbed Hamiltonian has a parabolic point at the origin, since (x p , y p ) = (0, 0), 
we have that Cki = 0. 



4.3 Different parameterizations of the invariant manifolds 

The next step is to prove the existence of the unstable and stable invariant manifolds of the periodic 
orbit given in Theorem 14. II 

We will consider two different strategies to find suitable parameterizations of these invariant manifolds 
depending on the domain we are. On the one hand, when it is possible, we will follow [LMS03, SauOl] 
(see also |GOS10j ). and we will write the invariant manifolds as graphs of suitable generating functions 
which arc solutions of a Hamilton- Jacobi equation in appropriate variables. On the other hand, when this 
is not possible, we will obtain parameterizations of invariant manifolds formed by families of solutions of 
the differential equations. 

To introduce the first method, let us consider the symplectic change of variables (see [Bal06j ) 




(45) 

Po(«)' 

where (qo(u),po(u)) is the parameterization of the homoclinic orbit given in Hypothesis HP2. This is a 
well defined change for any u € C such that po(u) ^ and leads to a new Hamiltonian given by 

eH(u,w,T)=eH[q (u),^—,T), (46) 



where H is the Hamiltonian defined in ([39]) . 

Let us recall that when [i = 0, H becomes Hq defined in ([8jl. Then, the separatrix of the unperturbed 
system (/i = 0) for H can be parameterized as a graph as w = po(u) 2 . 

To obtain parameterizations of the perturbed invariant manifolds, we can take into account the well 
known fact that, locally, they are Lagrangian and can be obtained as graphs of some functions which 
are solutions of the Hamilton- Jacobi equation associated to the Hamiltonian eH. That is, we look for 
w = d u T u ' s (u,T), where the functions T u ' s satisfy 

d T T{u, t) + e~H(u, d u T(u, t), t) = (47) 

and certain limiting properties. 

The solutions of this equation give parameterizations of the invariant manifolds, which, in the original 
variables, read 

(q,p)= U(u),- tV" 2 • ( 48 ) 



Po(u) 

Notice that in variables (q,p) the condition po(u) = qo(u) ^ ensures that the manifolds can be 
written as graphs over the variable q through the functions S u ' s (q,r) = T u ' s (qQ 1 (q),r) which verify the 
classical Hamilton- Jacobi equation associated to the Hamiltonian H(q,p,r). 

When this method cannot be used, that is when po(u) can vanish, we look for the invariant manifolds 
as parameterizations: 

(q,p) = (Q(v,r),P(v,T)) (49) 

in such a way that {q(s),p(s)) = (Q(u + es, s), P(u + es, s)) are solutions of the differential equation 
associated to the Hamiltonian (J3SJ) - These kind of parameterizations were used in [DS92, DS971 lGe!97al 
Eii00l|BF0llBF05]. 
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Then, it is straightforward to see ( [Gel97a] ) that (Q, P) has to satisfy 

r ( Q \ = ( P + ^dpH^Q,^^ 

e \ p J { -(V'(Q + x p (T))-V'{x p (T)))-ijtf'd q H 1 (Q,P,T) 

where L e is the operator 

C e = e^dr + d v (51) 

and Hi is the Hamiltonian defined in (|40"]) . 

Both parametcrizations (|48[) and (|50p satisfy that, fixing r = , they give parameterizations of 
the invariant curves of the fixed point of the 27r-Poincare map from the section t = r* to the section 
r = r* + 2n. 




4.4 Existence of the local invariant manifolds 

In this section we will find the local invariant manifolds of the origin of the Hamiltonian system (|39D . 

First, we recall the behavior of the separatrix (qo(u) , po(u)) as Rett — > ±00, which is substantially 
different depending on whether (0,0) is a hyperbolic or a parabolic point of the unperturbed system. 

In the hyperbolic case, by Hypothesis HP1.1, close to x = the potential behaves as 

V(x) = -^-x 2 + 0{x 3 ). (52) 

Therefore, {A, —A} are the eigenvalues of the critical point. Moreover, there exist constants c± 7^ such 
that as Re u — > =Foo the separatrix behaves as 

goW = C±e ±A " + 0( e ±2A "), 

PoH-±Ac ± e ±A " + 0(e ±2A "). 1 j 

In the parabolic case, using Hypothesis HP1.2, in |BF04] it is seen that there exists a constant cq such 
that as Re u — > =Foo the separatrix behaves as 



«)(«) = -T-+of^r 



,u+l 



(54) 



«.(«) = - 7 — |r^ + 

(m - 2)u^- 2 

where m is the order of the potential (|12[) and v > 2/(m — 2). 

We look for the parameterizations of the local invariant manifolds in the domains D^ s p defined in 

431. 

By ([5"5|) and (|5"4"|) . the constant p can be taken big enough so that po(u) does not vanish in these 
domains. Then, as we explained in Section 14.31 we can look for the invariant manifolds by means of 
generating functions T u ' s (sec (|48|0 defined in with * = u, s respectively, which are solutions of the 

Hamilton- Jacobi equation f|47[) . Moreover, we impose the asymptotic conditions 

lim p^ 1 (it) • d u T u (u, r) = (for the unstable manifold) (55) 

Rc u— >— 00 

lim Pq 1 (u) • d u T s (u, r) = (for the stable manifold). (56) 

Rc if — s-+oo 

We note that when /i = 0a solution of (|47|) satisfying both asymptotic conditions (j55|) and (|56|) is 

T (u)= / pg(u)d«, (57) 



which corresponds to the the unperturbed separatrix. 

The next theorem gives the existence of the invariant manifolds in the domains D*^ with * = u, s 
defined in (|54"|) . We state the results for the unstable invariant manifold. The stable one has analogous 
properties. 
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Theorem 4.3. Let us assume Hypotheses HP1.1, HP3, HP4 and take rj > 0. Let p\ > be a 

real number big enough such that po(u) ^= for u G . Then, there exists So > such that for 

e £ (0,£o) an d M € B(jM))i th- e Hamilton- Jacobi equation (|47[) has a unique (modulo an additive constant) 
real- analytic solution in x T CT satisfying the asymptotic condition (|55|) . 

Moreover, there exists a real constant b\ > independent of e and p, such that for (u, r) € x T a , 

\d u T u {u,r)-d u T Q {u)\<bM^ +1 - 

The asymptotic behavior of the invariant manifolds when Re u — > +oo is qualitatively different for 
the hyperbolic case and the parabolic case. For this reason we prove separately Theorem 14.31 for these 
two cases. We deal with the hyperbolic case in Section 16.11 and with the parabolic case in Section 16.21 

In the rest of the paper we will assume the whole set of Hypotheses HP1. HP2, HP3, HP4 and 
HP5. 

4.5 The global invariant manifolds 

The next step is to extend the invariant manifolds to a wider domain which contains a region close to 
the singularities ±ia of the separatrix (sec Hypothesis HP2). In the general case the function po{u) can 
vanish and therefore, the symplectic change (|4"5"j) is not well defined. For this reason one cannot use the 
Hamilton-Jacobi equation (|47p anymore. Instead we look for parameterizations 

(q,p) = (Q u ' s (v,T) 1 P u > s (v,T)) 

which are solutions of the partial differential equation (|50D . 

Nevertheless, there are some cases, as happens for the classical pendulum, where po(u) does not vanish 
for u £ C, and then one can use the Hamilton-Jacobi equation in the whole domain, which makes the 
proof of Theorems 12.41 and 12.71 remarkably simpler. Section 14.5.11 is devoted to this simpler case and 
Section B. 5. 21 to the general one. 

4.5.1 The global invariant manifolds in the case po(u) ^ 

In this section we extend the parameterizations (|48|) of the invariant manifolds to the outer domains 
Dp U K*, * = u , s, (see Figure H]) defined by ([3"5"j). in the case that po(u) ^ 0. We emphasize that these 
domains reach a region which is at a distance of O(e) of the singularities u = ±ia of the unperturbed 
separatrix. 

The constant p will be taken p > p\, where p\ is the constant given by Theorem 14.31 in order to 
ensure that D^ pi H D° p ^ u ^ 0. 

Since in this section we are assuming that po(u) =^ in the whole outer domain, the symplectic change 
of variables (|4"5"|) is still well defined there. Then, it is enough to look for the analytic continuation of the 
generating functions T u ' s obtained in Theorem 14.31 

Theorem 4.4. Let p\ be the constant considered in Theorem \4-S\ and let us consider pi such that p2 > pi, 
K\ > big enough and Eo > small enough. Then, for p 6 B(po), e G (0,£o), the function T u (u,t) 
obtained in Theorem \4-3\ can be analytically extended to the domain -D°"*£f x ^<r- 

Moreover, there exists a real constant 62 > independent of e and p, such that for (u, r) £ D™'^" x T CT , 

bi\u\e ri+1 
\d u T"(u,T)-d u T (u)\ < 2W 

\u 2 + a 2 \ + 

The proof of this theorem is given in Section mi The results for the stable manifold are analogous. 
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4.5.2 The global invariant manifolds for the general case 

Wc devote this section to obtain paramcterizations of the global invariant manifolds for the general case, 
that is, considering Hamiltonian systems for which po(u) can vanish in the outer domains defined in (|35[) . 
We look for paramcterizations 

(q,p) = (Q u ' s (v,r),P u ' s (v,T)) 
which are solutions of the partial differential equation (|50p . Our strategy will be: 

• To obtain the parameterizations (Q u ' s (v, r), P u,s (v, r)) in a transition domain (Theorem 14. 5|) . 



• To extend them up to a region where we can ensure that po(u) does not vanish (Theorem 14.61) . 

• To recover in this new region the representations (|4"8)) through the generating function T u ' s of the 
manifolds, which are solution of the Hamilton- Jacobi equation (|4"T|) (Theorem 14. 7p . 

• To extend the generating function d u T u ' s (u,T) up to a distance of order e of the singularity, as it 
was done in the easier case po (u) ^ in Theorem 14.41 (Theorem [ 



First we are going to construct the two dimensional paramcterizations of the invariant manifolds from 
the parameterizations of the local invariant manifolds given in Theorem 14.31 which were obtained by 
using the Hamilton- Jacobi equation. We look for them in the transition domains 



JU _ 



D out,u n D u 

K,P 1 1 O0,p 



I s - = £> out ' s n D s 

ptp K,p 1 1 -^OO.p 



(58) 



with p > p (see Figure . Taking into account the change of variables (l4"5"j) , it is natural to look for the 
paramcterizations of the invariant manifolds (Q u ' s , P u ' s ) of the form 



Q u > s (v,T) = q (v+U u > s (v,T)) 

d u T^ s (v+U^(v,t)) 

[V,T) Po (v+U^{v,t)) ' 



(59) 



where U u s define a change of variables u = v + U u ' s (v,t) in such a way that (Q u s , P u s ) satisfy the 
system of equations (|50)) . 




JU 

p,p 





D 



oo,p 



Figure 6: The transition domains P£p and P p p defined in (|58p. 



The results in this section are only stated in the unstable case since the ones for the stable case are 
analogous. 

The next theorem ensures that the change of variables u = v + U u (v, t) exists and it is well defined 



in the transition domain Ip p- 
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Theorem 4.5. Let p\ be the constant considered in Theorem \4.3\ and let p$ and p^ such that p± > p% > p\ 
and £o small enough (which might depend on pi, i = 1,2,3J. Then, for e G (0,£o) and p G B(po), there 
exists a real-analytic function IA U : 7" pi x — > C such that 

• There exists a constant 03 > independent of e and p such that for (u, r) € J" p4 x T CT , 

|W>,r)| <&3|^|e" +1 . 



. //(«,r)e/; 3 , w xT ff , thenv+U u (v,r)€D^. 

• TTie parameterizations of the invariant manifolds (Q w (v, t), P u (v, t)) m (|59[l satisfy the system of 
eguations ((50)) and i/iere exzs<s a constant 04 > swc/i i/ia£ /or (u,r) € 7" „ 4 x T CT , 

|Q"(«,r)- (? oWI<64|M|e" +1 
|P>,r)-po(«)l <6 4 |Mk" +1 , 

where (qo,Po) is the parameterization of the unperturbed separatrix given in Hypothesis HP2. 

The proof of this theorem is deferred to section 17.2.21 

Having the parameterizations (Q u ' s (v, r), P u ' s (v, r)) in the transition domains 7* p4 x T CT for * = u, s, 
we extend them until we arrive to a region where we can ensure that po(u) does not vanish anymore. This 
region consists of a piece of the boomerang domains defined in (|32p (see Figure [2]), in which po(u) =/= 0, 
and hence the parameterizations (|48[) will be well defined in them. 

The next step is to extend the parameterizations (Q u,3 (v, t), P u ' s (v, t)) provided in Theorem 14.51 up 
to domains which intersect the boomerang domains d and D S K d respectively. To this end, we define 
the following domains 



D°^% = D°^' u n |u e C; |Imu| < - tan/3 2 Reu. + a - ^ 
vTd'l = n |u £ C; |Imu| > tan/3 2 Reu + a - | 



(60) 



which are depicted in Figure [7] 

We want to emphasize that to extend the parameterizations (Q u ' s (v, r), P u ' s (v, r)) to these new 
domains, has no technical difficulties since they are far from the singularities u = ±ia. Actually the next 
theorem is a classical pcrturbativc result. 



Theorem 4.6. Let p± and K\ be the constants considered in Theorems \4-5\ and \4-4\ do > and eo > 
small enough. Then, for p € B(pg) and e £ (0,£o), there exist functions (Q u (v, r), P u (v, r)) defined in 
pl 'doKi x ^ satisfying equation (|50[) cmd ,suc/i i/iai i/iey are i/ie analytic continuation of the parame- 
terizations of the invariant manifolds obtained in Theorem \4-5\ 

Moreover, there exists a constant 65 > independent of e and p such that for (v,t) € 7)°"*^" Kl x T^ , 

\Q u (v,t) - q (v)\ <b 5 \p\e n+1 
\P u (v,r)-p (v)\<b 5 \p\e^ +1 . 

The proof of this theorem is given in Section 17.2.31 



Theorem 14.61 provides parameterizations of the invariant manifolds of the form (|49[) in the domains 
D™]'* and D° u d ^. In particular, they are defined in the following transition domains, which are depicted 
in Figure [5] 

rOUt,ti T^OUt,U -~ J-^U 

1 K,d — U p,d,K ' ' U K,d 

rOUt,S ?joilt,S „ j~. S ^ ' 

1 K,d — U P ,d,K ' 1 U K,dl 
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Figure 7: The domains -D° U J'" and D°^ S K defined in 



where, by construction, po(u) does not vanish. Then, we can use these domains as transition domains 
where we can go back to the parameterizations (|4"5)l and where the Hamilton- Jacobi equation (jT7|) can 
be used. To obtain them, we look for changes of variables v = u + V u,s (u, r) which satisfy 

Q u > s (u + V u ' s (u,t),t) =q (u), (62) 

where Q u ' s are the first components of the parameterizations obtained in Theorem 14.61 Once we have 
them, we will define the generating functions T u ' s which give the parameterizations (|48[) . Let us observe 
that if po(u) does not vanish in the outer domains, the changes of variables v = u + V u,s (u,t) arc defined 
in the whole domain and they are the inverse of the changes u = v +W ,s (w, r) obtained in Theorem l4.5l 




Figure 8: The domains /° U J' U and I° n ^ s defined in (|6Tj) . 

Theorem 4.7. Let do, K±, be the constants given in Theorem \4-6\ ^2 > Ki, d\ < do and So > small 
enough. Then, for e G (0,£o) and \i G B(fio): nn d increasing n\ if necessary, 

• There exists a real- analytic function V u : I° n x T a — > C which satisfies (|62p . Moreover, if 
(u, t) G x T a , then u + V u (u, r) G and 

|V"(^,^)| < 6 6 | Ai |^+ 1 
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with be a constant independent of fi and e. 

• There exists a generating function T u : I°^ d ^ xT„->C such that 

d u T u (u, t) = Po (u)P u (u + V u (u, t), t), 

where P u is the function obtained in Theorem \4.6\ and satisfies equation (|47[) . Then, we have that 
(liP) = {qOiPo( u )~ l duT u {u, t)) is a parameterization of the unstable invariant manifold of the form 
(|48p . Moreover, there exists a constant 67 > such that, for (u,t) € 1°^^ x ^<r> 

\d u T u {u,r)-d u T Q {u)\<b 7 W v+1 - 



This theorem is proved in Section f7. 2. 41 

The final step is to extend the just obtained parameterizations of the form (|48[) to the whole boomerang 
domains D" d and d defined in (p?2"j) (see also Figure In particular the whole boomerang domains 
contain points up to a distance ne of the singularities ±ia. 

Theorem 4.8. Let K2 and d\ be the constants given in Theorem \4-l\ d,2 < d\, K3 > K2 big enough and 
Eq > small enough. Then, for fj, € -B(mo) <md £ € (0,£o)> function T u (u,t) obtained in Theorem 
\4.1\ can be analytically extended to the domain D™ do x T a . 

Moreover, there exists a real constant bg > independent of e and[i, such that for (u,t) € D™ 3 d2 xT ff , 

|d„T>,r) - d u T (u)\ < ^ W ^L , 

\u 2 + a 2 \ + 

where Tq is the unperturbed separatrix given in (|57|) . 

The proof of this theorem is given in Section [7.2.51 

Remark 4.9. Let us point out that these domains satisfy d C D° n ^' u and D S K d C D° n ^' s if p is big 
enough. Therefore, in the case that po(u) does not vanish, Theorem \4-4\ ensures that the functions T"' s 
are already defined in Z?" d and D S K d respectively. 

Let us observe that, if e is small enough, D™'^' s C D S K d and DJf ' c f z ' u C D" d . 

After Theorem 14.41 and 14.81 there is no difference between the case po(u) 7^ 0, when the invariant 
manifolds can be written as graphs globally, and the general case when po can vanish: we have found 
boomerang domains which intersect the real line and which reach neighborhoods of size ne of the singu- 
larities where both manifolds can be written as graphs. This will be the starting point in our strategy to 
measure the distance between the invariant manifolds. 



4.6 The asymptotic first order of d u T u,s close to the singularities ±ia 

Theorems 14.41 and 14.81 are valid for 77 > m&x{0,£ — 2r}. Therefore, when £ < 2r the results are true for 
77 > 0. Notice that if I < 2r Theorems 14.41 and 14.81 give a classical perturbative result with respect to the 
singular parameter e, in the sense that the main term of d u T u,s is given by the unperturbed separatrix 
d u To in the whole outer domains. This fact is not true anymore in the case i — 2r > and r\ — I — 2r. 
Then we will have to look for different approximations of the invariant manifolds close to the singularities 
u = ±ia, by using suitable solutions of the so-called inner equations. Consequently, the case I < 2r is 
easier to deal with, because it is always regular and there is no need of using inner equations to obtain a 
better approximation of d u T u ' s near the singularities ±ia of To. When £ — 2r > 0, as we have mentioned 
in section 13.41 we include the regular case 77 > I — 2r in the singular one 77 = £ — 2r doing the change of 
parameter /t = p,e n ~^~ 2r \ 

We separate both cases £ <2r and £ > 2r in the corresponding sections below. 
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4.6.1 The asymptotic first order of d u T u ' s for the case I < 2r 

In this section we will assume that £ < 2r and henceforth we are dealing with values of n > 0. 

To obtain the main term of d u T u ' s — d M To we just need to use classical perturbation theory even in 
the inner domains £)™j. , * = u, s, defined in (J3HJ) (see Figure [5]). Let us observe that, if u € £)J?j. , 
* = u, s, then 0{ne) < \u T ia\ < C(e 7 ). 

The next proposition gives the first order asymptotic terms of d u T u > s — d u To close to u = ia, that is 
in * = u,s. The study close to u = —ia can be done analogously. 

Proposition 4.10. Let us assume I — 2r < and < 7 < min{l, where 7 is <fte constant involved 
in the definition of the inner domains in (|36p . Let us consider the constant K3 given by Theorem \4-8\ and 
c\ > and let us define the constant 

v* = min{f*,i/|, 1 - max{0,£- 2r + l},r,£,£+ 1 - (r + 1)7} > 0, 

i/jf =min{(2r-^)7,l} 

_ f £(l- 7 ) if£>0 
2 (1-7 tf* = ' 

Lei us also define the functions 

,0 



— OO 





(63) 



+00 



where Hi is the function defined in ^ and (|10[) arte? (qo(u),R)(w)) «s i/ie parameterization of the unper- 
turbed separatrix given in Hypothesis HP2. Then, there exists £q > and a constant bg > suc/i i/ia£ 
/or any e £ (0,£o) and \i G B(fio) the following bounds are satisfied. 

. #(u,r) xT CT , 

|9„T>, r) - 5„T (u) - W(u, r)| < feNe" - ^"*. 
. ?(«,T)e^+; s xT ff , 

|9„T s ( U ,r) - d s T (u) - W(u,r)| < & 9 | M | £ "-^\ 
This proposition is proved in Section 17.11 



4.6.2 The first asymptotic order of d u T w > s for the case I > 2r 



Theorems 14.41 and 14.81 give the existence of parametcrizations of the invariant manifolds of the form 
D S K d and d for e small enough and k big enough. Nevertheless, when n = l—2r the parametcrizations 
of the perturbed invariant manifolds are not well approximated by the unperturbed separatrix when u is 
at a distance of order 0(e) of the singularities u = ±ia. For this reason, to obtain the first asymptotic 
order of the difference between the manifolds, we need to look for better approximations T u ' s in the inner 
domains defined in ([31))) . We obtain them through a singular limit. Since we are dealing with the case 
77 > £ — 2r, the first step is to define a new parameter 

A = ^e"~ ( ^ 2r) - (64) 
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Then, the Hamiltonian H reads 

H(q,p, T )=^ + V(q + x p (r)) - V (x p (r)) - V (x p (r)) q 

+ A^~ 2r i?i(g,P,r) 

and, from H , one can define the Hamiltonian H in (|46l) using again the change (|45j) . On the other hand, 
from Theorems 14.41 and 14.81 one can obtain bounds for the parameterizations of the invariant manifolds 
in terms of fi and e. We state them for the unstable manifold. The stable manifold satisfies analogous 
bounds. 



Corollary 4.11. Let us consider the constants K3 and d'2 defined in Theorem \4-8\ Then the function T w 
obtained in Theorems \4-4\ and \4-8[ which is defined for (u,t) € d2 x T a , satisfies 

\d u T^u,r)-d u T (u)\ < 

\u 2 + a 2 \ + 

where To is the unperturbed separatrix given in (|57p . 

We want to study the invariant manifolds close to the singularities u — ±ia. that is, in the inner 
domains defined in (|36[) . Since the study of both invariant manifolds close either to u = ia or u = — ia is 
analogous, we only study them in the domain DJf 1 ^ 1 "'". Then, we consider the change of variables 

z = e _1 (u — ia). (66) 

The variable z is called the inner variable, in contraposition to the outer variable u. We note that, by 
definition of To in (1571) and using the expansion around the singularities of po(u) in (|13|) and (|14j) . we 
have that 

d u T (ez + l a) = ^(l + o((ez)^)) 
and, using the results of Corollary 14. Ill we have that 

\d u T u ' s (ez + ia,T)-d u T {ez + ia)\ < K 



2r\r\e+l ■ 



£" 1 2 

Hence, in order to catch the terms of the same order in e, we scale the generating function as 

iP u < s (z,t) = e 2r - 1 C+ 2 T u - s (ia + £z,t). (67) 

Then, the Hamilton- Jacobi equation (|47p reads 

d T i\) + e 2r C+ 2 H (ia + ez, e- 2r C\d z ^, r) = 0, (68) 

where H is the Hamiltonian function defined in (|46[) . The corresponding Hamiltonian is 

H(z, w, t) = e 2r C+ 2 H (ia + ez, e- 2r C\w, r) . (69) 

We study equation in the domain T>™>+ u x T a , where 

V%+>« = {z£C;w + ez e D^} . (70) 

To study equation (|68p . as a first step it is natural to study it in the limit case e = 0. In the polynomial 
case it reads 



drib + \* 2r (W " ^r r + £ E ^Z^Mr)(z 2r d^ ) l ^O. (71) 
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The solutions of this equation were studied in detail in |Bal06] , where equation ([TTj) was rewritten as 



1 1 . 

d T ^ + -z 2r (d z yj Q f - — + ^Y, Mr) {z 2r d^ ) 1 = 0, (72) 
z z 1=0 

where 

Mr)= £ W-^ akl ^ (73) 

(r-l)k+rl=i ^ ' 

and ajd are the coefficients of Hi in @ and C+ is given in HP2. This equation is in fact the Hamilton- 
Jacobi equation associated to the non-autonomous Hamiltonian 

1 1 " N 

n (z,w 7 r) = -z 2l V - — + ii£ Mr) (z 2r w) 1 , (74) 

1=0 

which satisfies that T~L — > Ho as e — > 0, where H is the Hamiltonian function defined in ([55]), 

In the trigonometric case, an analogous equation to (|7ip is obtained. There are only two differences. 
First, one has to consider the definition of i given in (fT5j) associated to this type of systems. Secondly, 
in the trigonometric case, the coefficients in front of aki (t) are expressed in terms of the coefficients C± , 
G\ and C± in (|f4|) . Taking into account these facts, one can also define the analogous functions Ai. 




Figure 9: The domains T>*'g and 2?^' e s defined in (|75|) . 
The solutions of the Hamilton- Jacobi equation (|72|) were studied in }Bal06| in the complex domains 

V t:e = {z £ C; |Imz| > 8Rcz + n} 

V + J = {ze£;-zeV + j) (75) 

for k > and 8 > 0. Let us observe that, for any c > 0, 2?Jfj, + '* C V ^ '* an g 2 for * = u, s. Nevertheless, 
since through the proof we will have to change the slope of the domains T> we start with a certain 
fixed slope 9q < tan /?2 which will be determined a posteriori. 

The difference between the stable and unstable manifolds of the inner equation was studied in the 
intersection domain 

Ke = V+ J n V t;e n {z G C; Im z < 0} . (76) 

The next theorem gives the main results obtained in |Bal06j about the solutions of equation (jT2"|) and 
their difference. 
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Figure 10: The domain 1Z~t e defined in (|76D . 



Theorem 4.12. Let us consider any fixed 9q > 0. Then, for fi G -B(Ao) the following statements are 
satisfied: 

1. There exists K4 > such that, equation (|72p has solutions "0q : D~^.'*q x T f -> C, * = u, s, of the 
form 

<'\z, r) = - _ i 1 )z2r _ 1 + 0^\z, r) + K^ s , K u ' s € C (77) 

where x/) Q ' are analytic functions in all their variables. Moreover, the derivatives of 'ip ' are uniquely 
determined by the condition 



sup 



< OO 



for * = it, s. In /ac£, one can choose ip ' such that 



sup 



z^*(z,r) 



< 00 



for * = u, s. 

2. There exists > ^4, analytic functions {x^ (f 1 )} k<£ %- defined on -B(/io) and g : 2 e a x T CT — > C 
swc/i i/iai iwo solutions ?/>q' s 0/ equation (|72p 0/ £/ie /orra given in (|77[) w/it/i A'" = -ftT s ; satisfy 



Moreover, the function g satisfies that 



(78) 



fc<0 



sup \z g\z, t) J < 00 



sup 

C^)6^ 5 ,2 9o xT - 



(ln^D-^^r) 
The proof of Theorem 14.121 is given in |Bal06j . 



< 00 



if t > 2r 
if£ = 2r. 
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Remark 4.13. Following theproofs of WalOSf . it can be easily seen that the analytic functions {x' fc '(A)}fc g z- 
are entire. 

For the case I — 2r = we will need better knowledge of the function g given by Theorem 14.121 The 
next proposition gives its first asymptotic terms. First, we define certain functions which will be used in 
the statement of the next proposition. Let us consider the functions Aj defined in (|73p . then we define 

QAr) = J2( ) )Mt), (79) 



k=j 



and functions Fj such that 



d T Fj = Qj and (Fj) = 0, (80) 
which arc periodic since (Qj) = 0. 

Remark 4.14. The functions Qj(r) can be also defined intrinsically either Hi is a polynomial or a 
trigonometric polynomial, as 

Qj(r) = -.C 3 ' 2 lim (u-iaf- r ^ p Hl(q Q (u),p Q (u),T), 

J ! u^na ^ 

where H\ is the Hamiltonian defined in (|4ip and C+ is given in (| 13[) and (1141) . 

Proposition 4.15. Let us consider the constant 

b = 2r (Q F 1 + 2F Q 2 ) , (81) 

where Qj and Fj are the functions defined in (|79[) and (|80|) respectively. Then, when £ — 2r = 0, the 
function g obtained in Theorem \4-12\ is of the form 

g( z i T ) = ~ F l ( T ) - In z + g(z, r) 

and ~g satisfies 

sup \ z H( z i T )\ < °o- 

To have a better knowledge of the paramcterizations of the invariant manifolds in the inner domains 
X'JTc'' - '*) * — u, s in (|T0"|) . we need to compare the parameterizations -0" ,s , which are solutions of ([55)1 with 
^o" s which arc solutions of ([TT]) and have been given in Theorem 14. 121 

Since we have to use the functions and results obtained in Theorem l4.12l we need that T>™ '+> u C 25^200 ■ 
To this end, we impose 

tan (3 2 
0o = ^-. 

We state the next theorem for the unstable invariant manifold. The stable manifold satisfies analogous 
properties. 

Theorem 4.16. Let 7 g (0, 1), the constants K3 and K5 defined in Theorems |^.#| and \4-l£\ c\ > and 
£0 > small enough and Kg > max{K3,K5} 6117 enough, which might depend on the previous constants. 
Then, for e G (0, Eq) and ft G B(fio), there exists a constant b±o > such that for (z, r) G T>™^] a x T CT 

1 

\d z r(z,r)-d z ^( Z ,T)\<^r, 

\ z \ p 

where 7 enters in the definition of T>™^^ , r = a//3 has been defined in Hypothesis HP2, ipQ is given in 
Theorem \4-12\ and ip u is the scaling of the generating function T u given in (|67D . 

The proof of this theorem is given in Section [51 
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4.7 Study of the difference between the invariant manifolds 

Once we have obtained parameterizations of the invariant manifolds of the form (|48[) in the domains 
^k 3 d 2 an d ^k,3 d 2 anc ^ studied their first order approximations close to the singularities, the next step is 
to study their difference. 

We devote Section 14.7.11 to study the (easier) case £ — 2r < and then in Section 14.7.21 we consider 
the case £ — 2r > 0. 



4.7.1 Study of the difference between the invariant manifolds for the case £ — 2r < 

We are going to proceed to study the difference d u T u (u, T) — d u T s (u, r). Recall that in the case £—2r < 0, 
Hypothesis HP5 becomes rj > 0. Therefore our study includes the non perturbative case r) = 0. 
To study the difference between the manifolds, wc define 

A(u,t) =T u (u,t)-T s (u,t) (82) 

in the domain R K .d — D S K d D -D" d which is defined in (f33| . 

We recall that po(u) ^ if u G R K ,d and hence we can use the Hamilton- Jacobi equation in this 
domain. 

Subtracting equation (|4"T]) for both T u and T s , one can see that A satisfies the partial differential 
equation 

£e£ = 0, (83) 

where 

C £ ^e^dr + (l + G(u,T))d u (84) 



with 



1 

2pJ(u) 



G (". T ) =7TT7^ (duT?(u, t) + d u T?(u, t)) 



^ f 1 q ( . sd u T?{u,T)+ ~ S )d u Tl(u,r) \ (85) 
d p H 1 qo(u),po{u) H r - ,r ds, 



Po(u) Jo V Po( u ) 

where Hi is the function defined in (|4T)]) and T"' s (u,t) — T u,s (u,t) ~ Tq(u) with d u To(u) = Pq(u) and 
T u ' s are given in Theorems 14.41 and 14.81 

Following Bal06j. to obtain the asymptotic expression of the difference A, we take advantage from 
the fact that it is a solution of the homogeneous linear partial differential equation (|53")) . In [Bal06j it is 
seen that if (|83[) has a solution £o such that (£o(u,t),t) is injective in i? Ki d x T CT , then any solution of 
equation (|83[) defined in R K ^d x T CT can be written as £ = To( for some function T. 

Following this approach, we begin by looking for a solution of the form 

£o(u,t) =s- 1 u-t + C{u,t) (86) 

being C a function 27r-periodic in r, such that {£q(u,t),t) is injective in R K ^d x T a . 

From now on the parameter k will be play an important role in our computations. The next results 
will deal with big values of k = k(e) such that ke < a. In particular, in Theorem 14.191 we will use 
« = 0(log(l/e)). 



Theorem 4.17. Let d,2 > and K3 > the constants defined in Theorem \4-8\ d% < di, e$ > small 
enough and K-? > K3 big enough, which might depend on the previous constants. Then, for s € (0,£o), 
p G B((1q) and any k > K7 such that en < a, there exists a real- analytic junction C : R K .d 3 x T CT — > C 
such that £o( u 7 T ) = £^ 1 u — t + C{u, t) is a solution of (f53"| and 

(£o(u,t),t) = (e~ 1 u- t + C(u,t),t) 

is injective. 
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Moreover, there exists a constant bn > independent of fi, e and k, such that for (u,r) € R K ,d 3 x TV 

|C(u,r)| <6uHe" 
|8uC(u,t)| < bxiK- 1 )^"- 1 . 

To study the first order of the difference between the invariant manifolds, we need a better knowledge 
of the behavior of the function C in the inner domains defined in p6[). The next proposition gives the 
first order asymptotic terms of C close to u = ia, that is in D™'+ u n D™'+- s . The study close to u = —ia 
can be done analogously. 

Proposition 4.18. Let k-? be given by Theorem \4.11\ and c\ > 0. Then, for any Eq > and n > k,j 
such that ne < a, there exist a constant C(/i, e) defined for (/i,e) € B([1q) x (0,£o) and depending real- 
analytically in /j, and a constant byi > such that |C(/i, e)| < b^^e 11 and, if(u, r) £ {D™'^' u PI ■DJf'c^' 8 ) x 

| C (.,r)-^, £ )|<^». 

Moreover, in the case rj = 0, f/iere exists a constant C(/i) smc/i </ia< C(fj,,e) = C(/x) + (e 1 ') /or certain 
v>0. 

The proofs of Theorem 14. 1 71 and Proposition 14. 181 are done in Section \§72\ 

As we have explained, since A = T u — T s is a solution of the same homogeneous partial differential 
equation as £o given in Theorem l4.17l there exists a function T such that A = T o £ , which gives 

A(u,t) = T( £ - 1 u-t + C{u,t)). (87) 

Since A is 27r-periodic in r, we notice that the function T is 27r-periodic in its variable. Therefore, 
considering the Fourier series of T we obtain 



A(«,r) = J2r^e ik ( B ~ lu - T+c ^). 



Now we are going to find the first asymptotic term of A. Let us first observe that the Melnikov 
Potential defined in (flTl) can be defined through the functions T^' s , given in (|63|) . as 

T >, r) - T s (u, t) = -fie*>L(u, r). (89) 

Moreover by ([15]). 

L{u,t) = ^AfWe'H rl "- r ). (90) 

fcez 

In [DS97] (for the hyperbolic case) and |BF04| (for the parabolic case), it was seen that for n > £, the 
function L gives the leading term of the difference between manifolds. Nevertheless, for the general case 
rj > 0, one has to modify slightly this function to obtain the correct first order. Let us define 

A (u,t) =^T{f 1 e ife (^ 1 «— (91) 

feGZ 

where 

Tjf 1 = -^AfWe - ** ^ if k < 

T' 0] = (92) 
Tff 1 = -^Mm^ikc^e) if k > Q) 

where C(/i,e) is the constant obtained in Proposition 14.181 and C(/x, e) is its complex conjugate. Let us 
point out that, by Proposition 14. 181 these coefficients satisfy 

Xjf 1 = -fXE^M^ (1 + (|%£")) • 
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Next theorem shows that this function Ao gives the first asymptotic order of (|82j) . From now on, in this 
subsection, we consider real values of r £ T = T CT n R. In this setting it can be easily seen that the 
function Aq is real-analytic in u. 



Theorem 4.19. Let us consider the mean value of T, T^, defined in (|88[) . s < v* where v* is the 
constant defined in Proposition \4-10\ and So > small enough. Then, there exists a constant 613 > such 
that for e £ (0,£o) a> n d M G -S(Mo) H R and (u, t) £ (-R s in(i/£),d 3 HR) xT, the following statements are 
satisfied: 



A{u, t) - T 1 ' 



A («,r) 



. bi 3 |M|£" +1 ' £ 
" Ilnel 6 £ 



|5„A(u,r)-9„AoKr)| < ' e 



|^A( U ,r)-^Ao(u,r)| < 



|lne| 

&i3|Mk 



In el 



Let us observe that, using Lemma T2. 31 the definition of the coefficients in (|9"2")l and Proposition 



14.181 one can deduce a simpler leading term of A in (|82p . For this purpose let us define the function 



A 00 (u,r) = ^jzre sRe (/ e 



»C(At,e) -i(|-T+C(u,T)) 



(93) 



where C(/x,e) is the constant given in Proposition 14. 181 and C is the function given by Theorem 14. 171 

Corollary 4.20. There exists a constant &14 > such that for e £ (0, eq), fi £ S(/xq) H R anc! (u,r) £ 
(-Rs in(i/e).d3 riE) x T, the following statements are satisfied. 



A( u ,r)-T[°]-Aoo(u,r) 



< 



'14 |M| 



lne| 



-e £ 



|0 u A(u, r) - 5„A o(n, r)| < 6l4 ^ £ " , 



line 



\d 2 u A(u,T)~d 2 u A Q0 (u,T)\ < 



614 I A* I 



r»7-l- 



lne| 



-e e 



We devote the rest of this section to prove Theorem l4.191 from which, using also Lemma HOI Corollary 
14.201 is a direct consequence. 



Proof of Theorem \4-19\ For the first part of the proof we consider complex values of /i £ B(po) and later 
we will restrict to fi £ B(fio) H R. We define 



T(C)=E T 



{k] e ik( 



where = TW - T[f ] . By j88j and d9TJ) , the function A(it,r) = A(u,t) - A (u,t) can be written as 
A(u,t) = T(e- 1 u-r + C(u,r)) =^TWe*( £ " VT + c M), (94) 



Therefore, to obtain the bounds of Theorem 14. 191 it is crucial to bound 



The first step is to obtain a bound of A(u, r) for (it, r) £ i? s i n i ^ x T. First we bound this term 

(u,t) £ [R sin i >d3 n 

and (j!?2"j) . we split A as 



for (w,r) £ (i? s i n i, d3 n £f ln V Ci n £>^; + i" c J x T. Recalling the definitions in (|82 ]l . ([63 ]) . (|89 ]) . ([90 )l . ([91 



A(u,r) = Aftu.r) - AJ(u,r) + A a («,r) + A 3 (u,r) 
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with 



Ar(u,r) = T^(u,t)-T (u)~7Z' s (u,t) 
A 2 (u,t) = -/!£'' ^Af [fcl e ifc ( e ~ ltl - T ) (l - 



fc<0 



A 3 (u,r) = -^^AfWe**^ Iu_r ) (l 



,ik(C(u,T)-C(iJ,,e)) 



(95) 
(96) 

(97) 



fc>0 



Applying Proposition 14. 101 one can see that for (it, r) <E 



<9 u A"' s (u,t) 



where v* > is a constant defined in that proposition. 

To bound A 2 , it is enough to apply Lemma [2.31 Theorem 14.171 and Proposition 14. 181 to obtain that 

x T. 



for («, r) G (R sla i d , n i^'V n D in -+r 

K 1 J \ sln 7: a 3 shij,ci shij,ci 

<9 u A 2 (u,t) 



< 



K\ii\ 2 e^- t+a 



Finally, to bound d u As, it is enough to take into account again Lemma [231 Theorem 14.171 and Proposition 
KTE[ Then, one can see that for (u, r) e (i? sln i ida n Ci H D^+l 11 ) x T, 



<9 u A 3 (u, t) 



2« 



<^| M | 2 e 2 "- £ - s e --. 



Therefore, from the bounds of A"' s , A 2 and A3 and recalling that by hypothesis s < v* , we have that 

y + s nD in + u 
m ± ,ci s In ,ci 



for ( U) r) e l^un^nito'' x T 



d u A(u,r) 

Reasoning analogously, one can see that for 



< 



llnel 



(98) 



(u, r)e [R s ln 1 , n D m '~f n D ln '~l u X T, 

\ 3 / \ sm e i fl 3 sln-.ci s\n-,c\J 



the function 9„A satisfies 



d u A(u,r) 



< 



K\n\e^- i+s 



(99) 



Finally, for («,r) G (iJ, ln i jd3 n £>™V P4 n D^ w ) x T, we decompose A(w, r) = (T"(u, r )-T (u))- 
(T s (m, t) — To( w )) — A (u, r). Using Theorems 14.41 and 14 .171 and also Lemma [231 one can easily see 
that 

\d u A(u,T)\<K\n\eV +1 -^ e+ V 

provided \u - ia\ > C(e 7 ). This bound is smaller than and dHU) due to the fact that (£ + 1)(1 - 7) > 
v* > s (see Proposition 14. 101 for the definition of v*). 

Taking into account (|98p and (|M1) . one can conclude that for /i £ B((j,q) D R, 



9„A(u,t) 



< 



1^ 



(100) 
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The second step of the proof is to consider the change of variables (w, r) = (u + eC(u, r), r). By Theorem 
14.171 one can easily see that it is a diffeomorphism from R s i n (i / e) ,d 3 x T onto its image R X T. Denoting 
by T' the derivative of the function T (sec ([Mj) 1 ). we define the function 

0(w,t) = T' (e^w-t) , 
on R x T which, by construction, satisfies 

(101) 



0(u + eC{u,t),t) = \ - + d u C(u,T) ) d u A(u,r). 
Moreover, as 0(u>,r) is periodic in r, it can be also written as 



Then, for any w £ R, the Fourier coefficients satisfy 

Now, taking advantage of the fact that the coefficients do not depend on w, we will obtain sharp 
bounds for the coefficients with k < 0. Since we are dealing with real analytic functions, the 
coefficients with k > will satisfy the same bounds. Let us consider w = w* = u* + eC(u*,0) with 
u* = i(a - s£ln(l/e)). Then, 





< Ifcl" 1 sup 






w£R 





_1M 

e e 



(a—se In i)-|fe|Im(C(ti*,0)) 
M 



< |k| sup |B(w,r)|e £ V E > 1 1 v * 

0,i-)e-RxT 

Then, taking into account (|101[) and Theorem 14. 171 we have that for k < 0, 



xw 



< A'e sup 

(«,r)eil»ln(l/s),<J3 xT 



d u A(u,r) 



^(a-ss In |)-|fc|Im(C(ti*,0)) 



Therefore, to obtain the bounds for Y^'l with fc < 0, it only remains to use bounds f|100[) and the properties 
of C given in Theorem 14.171 and Proposition 14.181 Then, we obtain that for k < 



T [fc] 



" Ilnele^ 1 



Finally, the bounds of TD fc l lead easily to the desired bounds of A(u,r) for (u,r) G i n (i/e),d 3 Hi) x 
T. □ 

4.7.2 Study of the difference between the invariant manifolds for the case £ — 2r > 

Recall that when i — 2r > 0, Hypothesis HP5 becomes 77 > I — 2r. For this reason, as we did in Section 
14.6.21 we will denote fi = /-ie ri ~ i+2r . Let us emphasize, that the regular case 77 > I — 2r in this new setting 
corresponds to /i — s- as e — >• 0. 

As we have done for the case I — 2r < in Scction l4.7.1[ we consider the function A(u, r) = T u (u, r) — 
T s (u, r) defined in (JMJ) in the domain R K . d = D" K d n D£ d defined in (J33J) (see also Figure©. 

Now A satisfies the partial differential equation 



Cet = 0, 



(102) 
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where C e is the operator defined in (|84[) and G now is 

G(u, t) (a„2?(«, r) + d u Tl(u, r)) 

H rT~ / "p^ 1 9o(u),Po(w) H ' r " s ' 

PoW Jo V Po( u ) J 

where Hi is the function defined in flU and T'"< s (u,t) = T (u) + T" ,s (u,t) with <9„T (u) = and 
T"' s are given in Theorems 14. 41 and 14. 81 Let us point out that the only difference between the function G 
defined in (|103D from the one defined in ([551) is the dependence on the parameters. The first one depends 
on /x and e whereas the second one depends on fx, which has been defined in terms of fi and e in (|64j) . 

As we have done in Scction l4.7.1l to obtain the asymptotic expression of the difference A, we look for 
a solution £ of of the form 

£o(u, t) = e~ 1 u - t + C(u, t) 

with C a function 27r-periodic in r, such that (£q(u,t),t) is injective in R K ^d X T CT . Then, we will write 
A as £ = T o £o for some function T. 

Theorem 4.21. Let its consider the constants di > defined in Theorem \4-8\ and kq > in Theorem 
\4-16\ c?3 < g?2 and £o > small enough and Kg > kq big enough, which might depend on the previous 
constants. Then, for e € (0,£o), fx G B(fxo) and any k > such that en < a, there exists a real-analytic 
function C(u, r) : R K ,d 3 xT ff ->C such that £o( u > T ) = £~ 1 u — r + C(u, t) is solution of (| 1 02|) and 

(£o(«, r), r) = (e _1 M - r + C(w, r), r) 

is injective. 

Moreover, there exists a constant 615 > independent of \x, e and k, such that for (u,t) <E Rn,d 3 X T ff , 
• If£-2r > 0, 

%lA|e £ - 2r 



|C(«,r)|< 



2 1 2l^- 21, 



k \ u z + a z \ 

• If£-2r = 0, 

\C(u,t)\ < bi 5 |A|ln|u 2 + a 2 | 

i« ni m s ^15 1^1 
|ir + a z | 

To study the first order of the difference between the invariant manifolds when I — 2r = 0, we need 
a better knowledge of the behavior of the function C in the inner domains (|36[) . The next proposition 
gives the first order asymptotic terms of C close to u = ia. The study close to u = —ia can be done 
analogously. 

Proposition 4.22. Assume £ — 2r. Let c\ be a constant as in Theorem \4.16] We consider ci > c\ and 

(3 



P+l 



< 7 < 1, (104) 



where r = a//3 has been defined in Hypothesis HP 2. 

Then, for any Eq > 0, there exist a constant C(fx, e) defined for (fx,e) € S(Ao) x (0,£o) depending real- 
analytically in fx and a constant biQ > such that \C{jX, e)\ < foxe | Al an &i tf ( u i T ) (^k"'^" ^ ^JS'cl 8 ) x 

|C(u,r)-C(A,e)+M J Fi(r)+A 2 foln(M-ia)| < M^£. 
1 1 kt — za 
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We recall that 7 enters in the definitions of -DJ^'^j" and D™'"^ 8 , C is £/ie function given in Theorem \4--21\ 
and the function F± and the constant b have been defined in (|80p and (|8ip respectively. 

Therefore, if we consider the function g given in Theorem \4-l£[ by Proposition \4-15\ there exists a 
constant b 17 > such that, if (u, r) G (-Djj.tf n Dfj+f) x T a , 

\C(u,t) - C(fi,e) + fi 2 b\ne - fig (e^tu - *o),t) I < hnBL, 
1 1 \u — ia\ 

Moreover, there exists a constant C(fi) such that C(ft,e) satisfies C(fi,e) = C(ft) + O (e v ) for a certain 
v > 0. 



The proofs of Theorem 14.211 and Proposition ^. 221 are done in Section [9731 

As we have explained in Section f4. 7.11 since A is a solution of the same homogeneous linear partial 
differential equation as £0 given by Theorem I4.21[ there exists a 2-7r-periodic function T such that A = 
To( , which gives 

A(u,r) = T (e^u-r + C(u,t)) . (105) 
and considering its Fourier series we have 

A(«,t) - J2T [k] e tk ( £ ~ lu - T+c{u - T) ). (106) 

fcez 

Now we are going to find the first asymptotic term of A which will be strongly related with (^g — 
V'o)( e ~ 1 ( u ~ T )i being "0q' s the solutions of the inner equation given in Theorem 14. 121 We introduce 
the auxiliary function 

A+(u, t)=J2 T[ fcl e' ifc ( £ ~ ltl - T+C(U ' T) ) (107) 

fc<0 



with 



Tf = ^- lX [k] (v)e-^T i{£-2r>0 (108) 

T [ fe ) = ^ x m {fl)e - lJ p-^\(-c(ii,e) + ^ b in S ) iil-2r = 0, (109) 



where {x k (P , )'}k<o are t ne coefficients given in Theorem 14.121 and C(ft, e) and 6 are the constants obtained 
in Propositions 14.221 and l4~T5l respectively. The scaling C\je lr ~ 1 comes from the inner change in (RJTl) . 
We also introduce 

Ao (u,r) = J2r [k] e ik ( e ~ lu - T+e ^) 

k>Q 



with 



2 

T o" ] -^X hfcl (A)e-^ if£-2r>0 (110) 



— 2 

Tfl = ^^[-k] {jl)e -^+i\k\(-C(M+^e) {U _ 2r = (ln) 



The function Aq (u, t) corresponds to the difference of the solutions of the inner equation close to u = — ia 
if p,,r G M. We note that, taking r, fi G M, Aq" is nothing but the complex conjugate of Aq". In fact, 
as we know that A is a real analytic function in the u variable for real values of /t, t, we can define Ag~ 

explained before for A. 

We will see that the first order of A is given by 



as the function that satisfies that Aq = Aq + A is also a real analytic function in the same sense as 



A {u,t) = A+(u,t) + A-{u,t). (112) 
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Let us point out that it can be written as 

feez\{o} 



(113) 



where T Q k] are defined either by (fTUSj) and (fTTU)) in the case I - 2r > or by (fTTO]) and (fTTTj) in the case 
I — 2r = 0. For convenience we introduce T °' = 0. From now on, in this subsection, we consider real 
values of r e T a n R. 

Theorem 4.23. Let us consider the mean value ofT, T^l, defined in (|106[) , s < 1//3, where r = a//3 is 
defined in Hypothesis HP2, and Sq > small enough. Then, there exists a constant big, > such that for 
£ £ (0, So) an d A € -B(Ao) H K and (it, r) € (-Rsin(i/E),d 3 Hi) x T, i/ie following statements are satisfied. 

• If£-2r > 0, 



A( U) r)-T[°]-A ( u ,r) < 
|9 u A(u,T)-5 u A (w,r)| < 
|^A(«,r)-a2Ao(tt,T)| < 



e 2 '- 1 |lne| < '- 2 '' 



e e 



■e £ 



e 2r \\ne\ e - 2 ' 

frislAl 
e^+illneK- 21 -' 



• If£-2r = 0, 



A(u,r) - Tl°] - Ao(u,t) 



MAI 



— — +/t 2 Im b In e 
< — — re £ 



|9 u A(u,t)-9„A (u,t)| < 



|^A( U ,r)-^A (u,r)| < 



^lglAI --+A 2 Im61nir 



£ 2r | lne| 

frislAI 
e 2r+1 \\ne 



^ — — +/i 2 Im b In e 



We observe that <9 u Ao gives the correct asymptotic prediction of d u A if T ^ ^ 0. In fact, we only 
need this coefficient to give a simpler leading term of the asymptotic formula. For this purpose let us 
define the function 

/(A) = c\x [ ~ 1] (A), (ii4) 

where C+ is the constant defined in (|T3|) or (fT4)l and x' _1 '(A) is the constant given in Theorem l4.12l Let 
us point out that the zeros of f{jl) correspond to the zeros of x' _1 '(A)- We define 



A o(u, t) 



2fi 



r2r-l 

2/t 



e £ Re 



(/(A)e-<t-^ c ^))) 



A 00 ( M ,r) = -^e-f Re (/ (A ) e -<A 2 6 m £ -C(A, E )) e -i(f -r + c(u,.))^| 



if£-2r>0 (115) 
if£-2r = 0, (116) 



where 6 is the constant defined in (|5T|) . C(/t, e) the constant given in Proposition 14.221 and C the function 
given by Theorem 14.211 

Corollary 4.24. There exists a constant 619 > such that for e £ (0, £o)j A G -B(Ao) H M <™d ( u i T ) € 
(-Rsin(i/e),d 3 Hi) x T, f/ie following statements are satisfied. 

• If£-2r > 0, 

&19IAI 



< 



A(u,r) - T lU| - A 00 (u,r) 
|<9 u A(u,t) - 9 u A 00 (u, t)\ < 



-2r- II lv, c-U-2r 



e"''" - - 1 ! lne| 

£ 2r |lne|^- 2 ' 
MAI 



e e 



-e £ 



|5 u A(u,t)-9„A 00 (u,t)| < £2r+ i| lne |<- 2 
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Ift-2r = 0, 



< 



'19 



\d u A(u, t) - d u A 00 (u 7 T)\ < 
\d 2 u A(u 7 T)~d 2 u A 00 (u,T)\ < 



-2r-l 



»19 



|lne| 



^— ^ +/i 2 Im 6 In e 



e 2r | lne| 
e 2r+1 \\ne 



- — +/i 2 Im 6 In e 



— — +u 2 Im In e 



We devote the rest of this section to prove Theorem 14.231 from which Corollary 14.241 is a direct 
consequence. 

Proof of Theorem \4-23\ For the first part of the proof we consider complex values of p, <E £?(Ao) an d later 
we will restrict to jj, G -B(Ao) H R. By (|106p and (|1 13(1 . the function A(u, r) = A(u, r) — Aq(u, t) can be 
written as 

A(u,t) = T(e- 1 u-r + C( M ,r)) = ^ f ^e*^" 1 "-^"^)), (117) 



where = — Y^. Therefore, to obtain the bounds of Theorem 14.231 it is crucial to bound 



The first step is to obtain a bound of A(u, r) for (u, t) G R s ln i ds x T. First we bound this term for 

we split A as 
with 



(m,t) G (# s i n i id 3 n^V^n^X) X T ' Rccallin g thc definitions of flSJJ), (TTHj) , (fTU7|) and ([75]), 

A(u, r) = A? («, r) - A? («, r) + A 2 («, r) + A 3 («, r) 



A i Kr) = T < (u,t) - t^^ttW 



, T 



C + ( .,.u.s I 



, T 



. u ia 



A 2 (u,r) 



A 3 (u,t) = -Aq (u,r) 



e 

u — ia 



T ))-A+(u,T) 



(118) 

(119) 
(120) 



Applying Theorem 14. 16[ one can see that for (it, r) G 



<9 u A"' s (it,r) 



< 



|ln £ | 2r ^ 



To bound A 2 , one has to proceed in different ways, depending on whether £ — 2r > or £ — 2r = 0. For 
the first case, let us point out that, 



A 2 (u,r)=^T{, fcl ( 

fc<0 



,«fc(e 1 u— r+/it/(e m),r)) ife(e 1 u— t+C(u,t)) 



Then, applying Theorems 14.121 and 14.211 and the mean value theorem one obtains that for (u, r) G 



d u A 2 {u,r) 



< 



|lne 



i^-2r 
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For the case I — 2r = 0, taking into account the definition of Tq in (|109[) . 

fc<0 



ikye 1 (u—ia)—T-\-fig\^£ 1 (u—ia),Tjj 1 (u—ia) — r-\-C (u,r) — C(/i,e)+/i 2 blne) 



By Theorems EH and EH] and Proposition E23 for (u, r) e i? s ln i :da n D m 'V n D m,+ f 
have that 

d u A 2 (u,r) 



x T, we 



< 



| In 



,l+Im(/l 2 fc) ' 



Finally, to bound d u As, it is enough to take into account ([75)1 . Then, one can see that for (u, r) € 



(-R s In i, 



a 3 s In ^ ,C2 s In - ,c 



x T, 



9„A 3 ( U ,r) <X|A|e- s - 2r e-f 



0, 



provided I — 2r > 

A 3 (u,t) < A-|A|e" s " 2r e-^ +2Im (' i2 '') ln£+Im (' i2b ) lnln e provided I- 2r = 0. 



Therefore, from the bounds of A"' s , A 2 and A3 and recalling that by hypothesis s < 1//3, we have that 

n+s nD in + u 
i In ~ ,C2 s In j ,C2 

Ke s ~ 2r 



for ( U) r)G (^ ln i, d3 n^+r ni)^ ) XT, 



d u A(u,T) 
d u A{u,r) 



< 



< 



llnef 

Ke s ~ 2r 



provided I — 2r > 
provided I — 2r = 0. 



| ln£ |l+lm(^) 

Moreover, taking into account that d u A(u, r) depends analytically on fi and moreover satisfies d u A(u, r 
0, one can apply Schwartz Lemma to obtain 

K\(i\e s ~ 2r 



p,=0 



d u A(u,r) 
d u A(u,r) 



< 



\l-1r 



< 



|lne| 
K\fl\e s - 2r 
|lne 



l+Im (fi 2 b) 



provided £ — 2r > 
provided I — 2r = 0. 



(121) 
(122) 



Reasoning analogously, one can see that for (it, r) <E ( R s ln 1 d (1 D ln ' f n D m ' i" ) x T, the function 



d u A satisfies 



d u A(u,r) 
d u A(u,r) 



< 



K\fi\e s 



< 



|A 00 (u,t) lne| 
K\ji\e s - 2r 

| ln£ |l-Im(A 2 b) 



-2r 



s ln j ,C2 s ln j ,C2 

provided i — 2r > 
provided £ — 2r = 0. 



(123) 
(124) 



Finally, by Theorems 14.41 l4~8l 14.121 and 14.211 one can easily see that the bound of 9 tl A(u,r) for (u, r) € 

(# s ini,d3 n D c 2 U £ t -r%4 n ^c^Tw) x T is smaller than C2D) and <E3) (case £ - 2r > 0) and (fT2"2")) and 
CEH]) (case £-2r = 0), provided |u - ia| > C(e 7 ). 

Taking into account (jT2Tj) and (jT2"3"|) (case £ - 2r > 0) and ([T2"2"]) and (|TM| (case € - 2r = 0), one can 
conclude that for ft G B{ft ) n R, 

iV|/i|e s - 2r 



d u A(u, r) 
8 u A(u,t) 



< 



< 



11 |£-2r 

|lne| 

X|A|e s_2r 

| ln£ |l+A 2 Imh 



provided £ — 2r > 
provided £ — 2r = 0. 



(125) 
(126) 
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Analogously to the proof of Theorem 14. 191 the second step is to consider the change of variables (w, r) 
(u + eC(u, r), r) and the auxiliary function 

Q(w,t) = T' (s^w-t) , 

to obtain a bound for the Fourier coefficients of T: 



f[k] 



< Ke sup 

(«,r)e-R sl n( 1 y £ ) 1< j 3 XT 



<9 u A(m,t) 



— ^a—se In §)-|fc|Im(C(u*,0)) 



Therefore, to obtain the bounds for with k < 0, it only remains to use bounds (|125p and (|126[) 
and the properties of C given in Theorem 14.211 and Proposition 14.221 Then, we obtain that for k < 



^[k] 
f[k] 



< 



K\g | fc |a +( | fc |_ 1)ahl A 



e^- 1 \\ne\ e - 2r 



< 



jHAl -|fc|(°-Im (A 2 ?)) lne)+(|fc|-l)(« In i+Im (/i 2 fc) In In i) 



e^- 1 |lne| 



provided ^ — 2r > 
provided I — 2r = 0. 



Since d u A(u,r) and C(u,r) are real-analytic for (fi,r) G R, the coefficients for k > satisfy the 
same bounds. Finally, the bounds of lead easily to the desired bounds of A(u, r) for (it, r) <E 

(-^sln(l/e),d 3 Hi) X T. □ 

4.8 Computation of the area of the lobes: proof of Theorems 12.41 and 12.71 and 
Corollaries [2Jj] and 12351 

To prove Theorems 12.41 and 12. 71 we rewrite Corollaries 14.181 and 14.221 splitting the results between the 
regular case r\ > £ — 2r and the singular case rj = I — 2r. 

Corollary 4.25. Let us assume rj > £ — 2r. Then, there exists a constantb2o > such that for e G (0,£o), 
/i G B(/io) n K and (it, r) G (-R s in(i/e),d 3 Hi) x T, i/ie following statements are satisfied. 



A(u,r)-T[°J-Aoo(«,r) 



- Ilnel 6 £ 



|a u A(u, r) - a u A 00 ( U , r)| < ^Mf! - e -f 



line 



|flgA(u,r)-^Aoo(« > r)| < 



&20 I A* I 



r»?-l- 



llnel 



-e e 



• ifv>v*, 

• Ifi] = 0and£-2r< 0, 



A 00 ( U) r) = p!e-fRe(/ e-<f-^(-))) 



A 00 ( W ,r) = -^e-f Re ( /oe ^) e -<f-+c(^)) 



Corollary 4.26. Le< its assume I — 2r > and 77 = ?/* = £ — 2r. Then, there exists a constant 621 > 
suc/i </ia£ /or e G (0, £q), ji G B(fio) n K and (it, r) G (i? s in(i/e),d 3 Hi) xT, i/ie following statements are 
satisfied. 
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If£-2r > 0, 



where 



If£-2r = 0, 



\d u A(u,r) - d u A 00 (u, r)| < 
|a2A(u,r)-^Aoo(u,r)| < 

2// 



— !| lne| 
b2i\n\ 



-e e 



e 2r \\ne\ e - 2r 
e^+illneK" 2 ' 



e £ 



A( u ,t)-T[°]-AooKt) 



< 



^21 |m| 



lne 



^— — +/i Imblne 



|a u A( W ,r)-a„A oKr)| < 4#^e-f + ^ Ira61n£ 



|^A(u,r)-^Aoo(u > T)| < 



£ 2r | lne | 

b2i |mI 
e^'+Mlne 



— — \-u Im b In e 

e e 



A o(w, r) 



e 



2(1 e-IHe (/Me-t^'-^'Oe-'tf-^*"^) 



2r-l 



Let us fix a transversal Poincare section corresponding to t = To e 1. Being Y(uj) in ([57)1 and f| 105[) 
a 27r-periodic function, we know that A(it,To) has critical points which are O(e)-close to each other. 
Then, in (-ff s in(i/e).d 3 H K) there exist almost two of these points, reducing e if necessary. These critical 
points correspond to homoclinic orbits of system ([!}. Let us consider two consecutive zeros u*_ and u* + 
in (i? s in(i/e),d 3 H R) , which depend on To. Then, taking into account that the change (|45[) is symplectic, 
it preserves area and recalling the definition of A in ((82)) . the area of the lobes is given by 



d u A(u, r )du 



|A«,t )- A(u* ,td)| 



A 



First we take -q > t — 2r and we prove Theorem 12.41 and Corollary 12 .41 The simplest case is when /o = 0. 
In this case Corollary 14 . 2 5 1 direct lv implies Theorem 12 .41 since Aoo(m, t) = 0. 

In the case /o ^ we prove Theorem 12.41 and Corollary 12.41 at the same time. It can be easily seen 
that the consecutive zeros of <9 u Aoo(w, tq) (see ((93|) . (|115[) and (|116[) 'l arc also C(e)-close and therefore 
taking e small enough, in (i? s i n (i/e),ti3 Hi) there exist at least two consecutive zeros U- and u + in 
(-Rsin(i/e),<2 3 n R), which again depend on To. It can be easily checked that the function Aoo evaluated 
at these points satisfies 

A o(u+,t ) = -Aoo(u_,r ) (127) 



and 



| Aoo (u±, t ) | = 2^te 
I A 00 (u±, r ) | = 2/xe 



n+i-e 



\fo\e 
foe 



!C( M ) 



if r) > rf (128) 
if I - 2r < and r) = 0. (129) 



By Corollarv l4.25l since by hypothesis we have that /o ^ 0, we can apply the implicit function theorem 
to see that the zeros u*_ and u* + of the function d u A(u, tq) satisfy 



u± = u± + O 



lner* 



(130) 
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where vi = I — 2r for £ > 2r and vt — 1 for I < 2r. 

Using formulas f|127|) - ()130|) and the inequalities given in Corollary 14.251 one obtains the asymptotic 
formula for the area, which finishes the proofs of Theorem 12.41 and Corollary 12.51 

The proofs of Theorem 1 2 . 71 and Corollary 12 . 71 follow the same lines taking into account that now 

|Aoo(w ± ,r )| =2fie r > +1 ~ e \f(ri\e~l if r, = V * and £ - 2r > (131) 

|A 00 («±,To)| = 2^ +1 ~ l f(n)e lC ^ e -f+/' 2lm61ne if rj = n* and£- 2r = 0. (132) 

In this case, given a value of /z, one has to split the proof depending whether f(ff) = 0, and therefore 
A oo (m,t) = 0, or/Gu)^0. 

Remark 4.27. We emphasize that, by hypothesis HPS, the hamiltonian perturbation H\ defined in 
either §§§ in the polynomial case or (|10[) in the trigonometric case it may depend analytically on e. We 
stress that all the results given in this section are also valid in this setting and consequently Theorems \2.4\ 
and \2. 7| hold true. 

Indeed, in this case, what we have is that the 2ir -periodically functions ak,i{r\s) defining H\ depend 
analytically on e and henceforth the same happens for the functions A)~(t) = Ak(r; e) defined in (|73[) . In 
this way one has that the inner equation (|72[) depends analytically on e. Following the proof in JlBal06f , 
it is straightforward to check that the solutions iPq' s of the inner equation given in Theorem \4-12\ actually 
also depend analytically on the parameter e. Moreover we have the same property for the coefficients \^ 
defining the difference — tpQ. As a consequence, f(p-) = /(/i;e) = /(/i;0) + 0(e). In addition, the 
constant b given in Proposition \4 ■ 1 5| also depends analytically on e and henceforth b = b{e) = 6(O) + 0(e). 

After these considerations, it is clear that we can replace /(/z;e) by /(/i, 0) and 6(e) by 6(0) in all the 
previous arguments and henceforth the claim is proved. 

Remark 4.28. The proof that we have just explained works under the assumed hypotheses (see Section 
\2. 1)) . in particular, under Hypothesis HP2, which assumes that there exists only one singularity on each 
line {Ima = ±a}. Nevertheless, with little modifications, the same scheme works if there are more 
singularities on these lines, at least assuming some smallness condition on the perturbation, namely in 
the regular case. Let us explain here how, assuming that the perturbation is small enough, the problem 
can be handled. 

Assume that the closest singularities to the real axis of the separatrix are located at u = ±a ± ai, 
a =/= 0, (and assume moreover that po(u) does not vanish to simplify the explanation). To prove the 
asymptotic formula for the splitting we need to obtain the existence of two generating functions which 
parameterize the perturbed invariant manifolds in a common domain containing points with imaginary 
part Imit = a — ke. The existence of the invariant manifolds close to the fixed point can be proved as in 
this paper, since the singularities are far from the domains . Therefore, Theorem \4-3\ is also valid 

in this case (of course Theorem \4-l\ is valid as well since it does not require Hypothesis HP2). 

To extend the invariant manifolds to a common domain containing points with imaginary part Im u = 
a — ke, we have to modify the outer domains D° u ^ ,u and D° u *' s . It is enough, for instance to "center" the 
stable domain around the singularity with positive real part ( that is, the boundary of the domain intersects 
the line a + ti, t G R at a ± (a — ne)i ) and the unstable one around the singularity with negative real part. 
The corresponding domains intersect in a strip of "horizontal size" of order 0(1) but of "vertical size" 
size smaller than a — tie. To achieve that the domains cover a piece of the imaginary axis that contain 
points with Imu = a — k'e (for some n' > k) one can proceed taking the angle f3\ of order 0(e). Without 
any extra technical work, this worsens the estimates and is the reason why we need, under this more 
general hypothesis, the perturbation to be small. Namely, we need to take rj big enough. 

Once we have proved the existence of suitable parameterizations of the invariant manifolds in this new 
outer domain, the proof of the validity of the Melnikov method can be done exactly in the same way as 
in this paper (namely Theorems \4-11\ and \4.1§\ are still valid). We have decided not to cover this case in 
this work due to the considerable length the paper already has. 
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5 Existence of the periodic orbit in the hyperbolic case: proof 
of Theorem 14.11 

In this section we prove Theorem 14. II We look for a periodic orbit (x, y) = (x p (t), j/ p (t)) which is close 
to the hyperbolic critical point of the unperturbed system (0,0). 

By HP 1.1, the differential of the unperturbed hyperbolic critical point is 

eA = e ( .° a 1 ) . (133) 



V A , 

Then, defining z = (x, y) and considering the differential operator 

V z(r) = JU(t), (134) 

we look for the periodic orbit as a 2-7r-periodic solution of the following equation, 

(D -eAo)z = eF(z,T), (135) 

where 

F( x _ ( ^dyHx{x,y,T) \ 
1 ' ' ~ \ -ne^d m H x {x, y, r) - (V(x) + \ 2 x) ) ' 

We split F in constant, linear and higher order terms with respect to z 

F(z, t) = F (r) + Fi(t)z + F 2 (z, r) (136) 

with 

" ( ) ™ 

/ HEldyvHi (0, 0, r) ^d m E x (0, 0, r) \ 
HJ_ V -^"9^1(0, 0,r) -^d xv Hx{Q, 0,r) J Ud8J 

F 2 (z,r) =F(z,t)-F (t)-Fi(t)z. (139) 

We devote the rest of the section to obtain a solution of equation (|135|) . First in Section 15.11 we 
define a Banach space we will use and we state some technical properties. Then, in Section [5.21 we prove 
Theorem 14.11 

5.1 Banach spaces and technical lemmas 

For analytic functions z : T a — > C, z(t) = X^gz z^e lkr , we define the Fourier norm 



\ Z \\t = 

fcGZ 



E 



Then, we define the function space endowed with the previous norm 

S a = {z : T CT — >• C; real-analytic , H^Ho- < oo} (140) 
which is a Banach algebra. We also consider the product space S a x S a with the induced norm 

H0i,22)|| 1)(7 = lki|| CT + \\z2\\ a ■ 
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Remark 5.1. Let us consider the classical supremmum norm 

\\z\\oo,a = siip \z(t)\ . 

Then, it is a well known fact (see for instance \Sau01f ) that for any o\ < 02, the supremmum and the 
Fourier norm satisfy the following relation 



\\z\\ ai <K 1+ )\VA\oo,a 2 

Therefore, since we are assuming that there exists ctq > such that the functions a^i defined in @ and 
(|10[) are C° in T CTo and analytic in T CTo , we can deduce that for any a < <7q such that — a has a positive 
lower bound independent of e, they satisfy 

\\au\\a < K. 

We will use this fact without mentioning it, in the rest of the section and also in Sections \6.1\ toUA 

Since we deal with vector functions, we also consider the norm for 2x2 matrices induced by |J • || i jCT . 
Let us consider B = a 2 x 2 matrix such that b %1 G S a . Then, the induced matrix norm is given by 



|5|| 1 , CT = max 2 {||^|| CT + ||6^|| (T } 



]- 

The next lemma gives some properties of this norm. 
Lemma 5.2. The following statements are satisfied. 

1. If h G S a x S a and B = (b 1 ^ is a 2 x 2 matrix with 6 y G S a , then Bh G S a x 5 CT and 

\\Bh\\i,.<\\B\\i,,\\h\\ lta . 

2. If Bi = (bi^j an d B2 = (b 2 : M are 2x2 matrices which satisfy b % l ,b % ^ G S a , then 

\\BlB 2 \\ lja < ||Bl||l, ff ||B3||l,a. 

Throughout this section, we will need to solve equations of the form (T>o — eAo)z = w. For that, we 
will invert the operator T>q — sAq acting on S a x S a . Considering the Fourier series of z(t) = (zi(t), z%{t)), 
one has that 

■D q (z)(t) = Y,^z^e lkT . 

Then, one can invert T>q — eAq as 

Lemma 5.3. The operator Qq : S a x — > S a x S a in (| 141[) is well defined, and for w E 5 ff x S a , 

liaoHll llff <f \Hh,,. 

Moreover, if (w) = 0, 

\\Qo(w)\\ ha < K\\w\\ lta . 

We finally state a technical lemma which will be used in Section 15.21 Its proof is straightforward. 
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Lemma 5.4. The functions Fq, F± and F2 defined in Q137p . (jT2HJ) an d l|139|l respectively satisfy the 
following properties. 

1. F eS a x S a , (F ) = and 

\\F \\ lta < K\^\e». 

2. Fx = (f^ satisfies F[ j e S a , (Ff) = and 

3. If z, z' e B(v) c S a with v < 1, then 

\\F 2 {z',T)-F 2 {z,r)\\ a <Kv\\z' -z\\ a . 

5.2 Proof of Theorem 14.11 

We rewrite Theorem 14. II in terms of the Banach space (|140l) . 

Proposition 5.5. Let e$ > small enough. Then, for e £ (0, £o)> equation (|135[) has a solution 
(x p ,y p ) € S a . Moreover, there exists a constant bo > such that 

\\(x p ,y p )\\ 1>a <b \^+ 1 . 

Corollary 5.6. The change of variables (|38[) transforms the Hamiltonian system with Hamiltonian ((7|) 
to a new Hamiltonian system with Hamiltonian (f3T)l) . 

Moreover, the functions cy in the definition of (|39[) (see also (|43[) ) satisfy 

\\c l3 \\ a <KW\ 

We devote the rest of the section to prove Proposition 15.51 We obtain the solution of equation (|135[) 
through a fixed point argument. To obtain a contractive operator, first we have to perform a change of 
variables, which actually it is only needed in the case £ — 2r = 0. 

Let us consider a function Fi which satisfies (F 1) = and d T Fi = F\, where F\ is the function in 
(|138[) . The function F\ can be defined as 

[fc] JkT 

, - 1 e 

fcGZ\{0} 



aw- £ ^! 

and satisfies 



Wc perform the change of variables 
and then equation (|135l) becomes 
where 



\\Fi\\ ha < \\Fi\\i.„ ■ (142) 
z = (Id + eF 1 (t))z (143) 
(D -eAo)z = F(z,T), (144) 



F(z,r) =e (ld + eFi(T)) _1 F (T) 

+ e 2 (id + eF^r))" 1 (^i(r) - ^(r)^ + F 1 (t)F 1 {t)) z (145) 
+ e (Id + sF^y 1 F 2 ((Id + eF x {r)) z, r) . 

Since the operator C/o defined in f|141[) is a left inverse of T>q — eAo, we look for a solution of equation 
(|144p as a fixed point of the operator 

T = Go° F. (146) 
Then Proposition 15.51 follows from the following lemma. 
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Lemma 5.7. Let Eq > small enough. Then, there exists a constant bo > such that, for e S (0,£o), 
the operator Fo in (|146[) is contractive from B (bo\ti\s v+1 ) C S a x S a to itself. 
Then, Fo has a unique fixed point ~z* £ B (6o|^t|e I?+1 ) C S a X S a . 

Proof. It is easily checked that Fo sends S a x S a into itself. To see that it is contractive we first consider 
.Fo(O), which can be split as 



F o (0) = eGo (F ) - e 2 Go (Jld + eF x ) F x F j 
By Lemma \5. 41 (Fq) = and ||i*b||i i<7 < K\fj,\e n . Then, applying Lemma I5~3l one has that 

||0o (Fo)\\ ha <K\^\s\ 

For the second term, considering also (|142[) and Lemmas 15.21 15.31 and 15.41 one can proceed analogously 
to obtain 

Go ((Id + sF,)' 1 FiFo) ^ < A'1/ile 2 "- 1 . 
Therefore, there exists a constant bo > such that 

ll^o(0)|| liff < yMe ,+1 . 

Let us consider now z x ,z 2 £ B (bo\/J.\e ri+1 ) C 6> CT x i!v. Then, by Lemmas 15.31 15.21 and 15.41 and reducing 
£ if necessary, one can see that, 

||7b (^ 2 ) - Fo (z 1 ) \\ l a < K\^ +1 \\z 2 zX a 
- 2 II lli.<r 

Then, Fq : £> (bo\t l \£ v+1 ) —> B (bo\/J,\e v+1 ) C S a x S a and is contractive. Therefore, it has a unique fixed 
point z* . □ 

Proof of Proposition 15.51 It is enough to take 

z*{t) = (1& + sF 1 {t))z*{t), 

which satisfies equation (|135|) and satisfies the desired bound (increasing bo slightly if necessary). □ 



6 Local invariant manifolds: proof of Theorem 14.3 



Since the proof for both invariant manifolds is analogous, we only deal with the unstable case. We look 
for a solution of equation (|4"T|) satisfying the asymptotic condition (|55p . We look for it as a perturbation 
of the unperturbed separatrix 

T (u) = / p 2 (v)dv (147) 



and therefore we work with T\{u, t) = T(u, r) — To(u). 

Replacing T in equation (|4"T|) and taking into account that V(qo(u)) = — Pq(u)/2, it is straightforward 
to see that the equation for T\ reads 

£ e Ti=^(fl! B r 1> u,r), (148) 
where C £ is the operator defined in (|51[) and 

F(w, u, t) = ~2^y - (V(q (u) + x p (t)) - V(x p (r)) - V(q (u)) - V'(x p (r))q (u)\ 

w 



-He v Hi q a (u),po(u) + 



Po{u) 
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where Hi is the function defined in (|40D . 

Wc split J- into constant, linear and higher order terms in w as 



with 



F{w, u, t) = A{u, t) + (Bi(u, t) + B 2 (u, r)) w + C(w, u, r), (149) 

A(u,t) = - (V(q Q (u) + x p (t)) - V(x p (t)) - V(q (u)) - V(x p (r) )q (u)) 

-^(a^^oM.f), (150) 

Bi{u,t) = - n£ ri Po 1 (u)dpHl(q (u),po{u) 7 T), (151) 

B 2 (u,t) = - ^ +1 p^(u)d p Hf(qo(u), Po (u),T), (152) 

vP" A / w 

C{w,u,t) = - - pe^Hi q (u),p (u) H —,r 

2Po(") V PoW 

w -~- ^ 

+ /z£' ) — — d p Hi(q (u),po(u),T) + iie^Hi (q (u),p {u),T) , (153) 
Po{u) 

where Hi and H\ are the functions defined in (|4"Tj) and (f4"3")) respectively. 
6.1 Local invariant manifolds in the hyperbolic case 

In this section we prove the existence of suitable representations of the unstable and stable invariant 
manifolds in the domains ^xT, and p xT a respectively under the hypothesis that the unperturbed 
Hamiltonian system has a hyperbolic critical point at the origin. 

6.1.1 Banach spaces and technical lemmas 

This subsection is devoted to define the Banach spaces which will be used in Section l6.1.2l We also state 
some of their useful properties. 

We define some norms for functions defined in a domain with p > 0. Given a > 0, p > and 

an analytic function h : D^. — > C, we consider 

\\h\\ a>p = sup \e- au h{u)\. 

Moreover for 27r-periodic in r, analytic functions h : x — > C, wc consider the corresponding 

Fourier norm 

\\h\\ a ^ = J2\\ h[k] e ' fck - 

II Q,p 

We consider, thus, the following function space 

Ua,p,<j = {h ■ Dta, P x — > C; real-analytic, U/iHa,^ < oo}, (154) 

which can be checked that is a Banach space for any fixed a > and a > 0. 
In the next lemma, we state some properties of these Banach spaces. 

Lemma 6.1. The following statements hold: 

1- If oil > a 2 > 0, then H ai , P ,a C H a2 ,p,a and 

\\h\\ a2 ,p,a < \\h\\ ai ,p,a- 

2. If ai,a 2 > 0, then, for h <G H Ql . p . ff and g £ T-L a2 ,p,a, we have that hg <E Hui+a 2 ,p,a and 

\\hg\\ai-\-a 2 ,p.{T — \\fo\\ai,p,a\\g\\a 2 ,p,a- 
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3. Let a > and p' > p > be such that p' — p has a positive lower bound independent of e. Then for 
h £ "H Q ,p j0 - we have that d u h £ T-L a ,p' .a and 

Throughout this section we are going to solve equations of the form L e h = g, where C e is the 
differential operator defined in (jST) . Note that if a > 0, Ker£ e = {0} and hence C e is invertible. It turns 
out that its inverse is Q £ defined by 

,o 

g e (h)(u,T)= h{u + t,T + £~H)dt. (155) 

J — OO 

We also introduce 

g e (h)(u,T) = d u [g e (h)(u,T)}. (156) 

We will consider Q e defined in H a , P ,a with a > in order the integral in (|155p to be convergent. 

Lemma 6.2. Let a > 0. Then, the operators Q e and Q s in (|155|) and (|156p respectively satisfy the 
following properties. 

1. Q £ is linear from W a , P ,c to itself commutes with d u and C e o Q e = Id. 

2. Lf h G H a p a , then 

\\Ge{h)\\ a , P ,«< K \\h\U, P ,v 

Furthermore, if (h) = 0, then 

\\Gs(h)\\ a , P , a < KeWhWw 

3. Lf h £ H a ,p,<7, then G e (h) £ W a , P ,tr an d 

We(h)\\ apa <K\\h\\ a ^ a . 

Proof. It follows the same lines as the proof of Lemma 5.5 in [GOSlOj . □ 

Finally, we state a technical lemma about estimates of the functions A, B\, B 2 and C defined in (|150p . 
iflST]) . (TIM)) and (fT53]) respectively. 

Lemma 6.3. Let {A, —A} be the eigenvalues of the hyperbolic critical point of the unperturbed Hamiltonian 
system and Q e the operator defined in (|156[) . Let us fix pa big enough such thatpo(u) ^ in po defined 
in ([34]) . Then, for any p > po, the functions A, B\, B 2 and C defined in (| 1 50[) . (|15ip . (|152p and (|153[) 
satisfy the following properties, 

1. A, d u A £ %2\, P ,a and satisfy 

W^ A )\\ 2X , p , a < K\p\e^+\ \\d u A\\. 2Xpa <K\p\e^. (157) 

2. B\,d u B\,B 2 £ T-La, P ,a and satisfy 

\\Bi\\ Q , p , a < K\fj,\e", WdMo,?,,, < K\n\e*, ||S 2 || 0l(O , CT < K\p\s^ +1 . (158) 

3. Let hi,h 2 £ B(v) C TL 2 \, P ,a- Then, 

\\C(h 2 ,u,T) - C(h 1 ,u,T)\\ 2X pa < Kv\\h 2 - h^x^a- 
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Proof. For the first bounds, we split A = A\ + A 2 + A3 as 

A x {u,t) = - (V(q (u) + x p (t)) - V(x p (r)) - V(q (u)) - V {x p { T ))q {u)) (159) 
A 2 (u,r) =- ^H\{q {u), Po {u),T) (160) 
A 3 (u,T)=-»e r ' +1 Hf(q (u), Po (u),T), (161) 

where H\ and H 2 are the functions defined in (|4"Tj) and (|4"3")l . 

For Ai, using the mean value theorem and Hypothesis HP 1.1, one can see that 

• i 

[V (x p (t) + sigo(w)) - V (sigo(w))) (l-si)dsi 

(162) 



Ai(u,t) = - q%(u) J (v (x p (t) + siq (u)) - V (siq (u))j (1 - si) dsi 

= - Qq( u ) x p( t ) / / V" (s 2 x p (r) + sxgo(«)) (1 - «i) ds!ds 2 . 
Jo Jo 

Therefore, At £ H 2 \. p .a and ||Al|| 2 a,p,<t < Applying LcmmaH^ we obtain |] C? e (Ai ) || 2 A. P .cr < 

For the other terms, let us point out that, by construction, Hi and H 2 are quadratic in (q,p) and 
therefore A 2 ,A 3 £ H 2 \, p , a . To bound Q E (A 2 ), using that (A 2 ) = and taking into account that A 2 is 
analytic in x and p > po , by Lemmas (|6.ip and 16.21 

||&(A 2 )|| 2W < Ks\\A 2 \\ 2X , p , a < K>|e" +1 . 

On the other hand, since by Corollary 15.61 || A 3 \\ 2 x. p . a < K\p\ 2 s 2r,+1 , we have that ||<7 e (^43)||2A,p,<T < 
K\p\ 2 e 2ri+1 . Therefore 

WM)\\ 2X ^<kw^\ 

The bound for d u A can be obtained just differentiating Ai, i = 1, 2, 3. 

The other bounds arc straightforward. □ 



6.1.2 Proof of Theorem 14.31 in the hyperbolic case 



We devote this section to prove Theorem 14.31 for the case in which the unperturbed Hamiltonian has a 
hyperbolic critical point. First we rewrite it in terms of the Banach spaces defined in f|154|) . 

Proposition 6.4. Let {A, —A} be the eigenvalues of the unperturbed hyperbolic critical point, p\ > 
big enough and Eq > small enough. Then, for e £ (0,£o), there exists a function T\(u,t) defined in 
-^00 pi x which satisfies equation (|148p and the asymptotic condition (|55p . Moreover, there exists a 
constant b\ > such that 

\\d ll T 1 \\ 2X , Pua <b 1 \ f i\e" +1 . 



Theorem 14.31 is a straightforward consequence of this proposition. 

Let us observe that the operator T defined in (|149p has linear terms in w which are not small when 
77 = 0. Therefore, if one wants to prove the existence of T through a fixed point argument, first we must 
look for a change of variables. Let us point out that this change of variables is not necessary for the case 
77 > 0. 

Lemma 6.5. Let p± > p' > po > 0, where po is big enough such that po(u) 7^ for u £ . Then, 

for e > small enough, there exists a function g £ Ho.p' ,0 such that (g) = and is solution of 

C e g = -B 1 {v,r), (163) 

where C e is the operator defined in (|5ip and B\ is the function defined in (|15ip . Moreover, it satisfies 
that 

IMIo lP > < K\p\e^+\ \\d v g\\ Q . p[ya < K\p\e r ' +1 
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and v + g(v, r) G D^ po for (v, r) G D» ^ x T ff . 

Furthermore, (u, r) = (v+g(i>, r), r) is invertible and its inverse is of the form (v,t) = (u+h(u, r), t), 
where h is a function defined for (u,t) G -D^, pi x Tcr and satisfies that h G T-Lo, Pl ,a> 

\\h\\o. Pl ,a < A| M |e" +1 
and that u + h(u, r) e p , /or (it, r) G x T a . 

Proof. From the definition of B\ in ()15ip we have that (Bi) = 0. On the other hand, using the definition 
of Hi and A in (|4"Tj) and (j52"|) respectively, i?i can be split as 

B 1 (v,t)=B 10 (t)+B u (v,t), 

where, using (fSU)) . 

Sio(r) = lim B!(«,r) = - M e" ( + 2a 2(r)) 

Rev— oo y A y 

and Bh(v,t) — Bi(v,t) — i?io(r). Both terms have zero mean. Moreover, Bio G T~Lo, P ' Q ,a an d satisfies 
H-Biolkpfptr ^ ■ K "H e '' and B ii G ^A,p' , CT and satisfies ||Bn || Ajp / )0 . < A'|^|e''. 

Since Biq(t) — J2kez\{o} B^e 1 ^ has zero average, we can define a 27r-pcriodic primitive with zero 
average as 

RmM = V ■ 

ik 



fcGZ\{0} 

which satisfies ||Sio||o,p' a < A'|/x|e r '. 

By the linearity of equation (|163|) . we can take g as 

g(v, t) = -eB w (t) - G e (Bu) (v, r), 

where Q e is the operator defined in (|155[) . Moreover, using the first statement of Lcmma l6.1l and Lemma 

UW P> < e \\Bx4 0A , a + WSe (Bn)\\ x , p ,, a < + Ke ||i?ulk,<, CT < K\^+\ 

Moreover, by Lemma 16.21 

d v g = -d v Q E (Bu) = -Q E (d v B n ) 

and then, 

\\d v g\\oy ,, < \\d v g\\x, P ' , a = \\Qe ftBii) \\xy ,„ < Ke \\d v Bn\\ x ^ < A>|e" +1 . 

Since ll^Ho.p^a- < K\fi\e n+1 , we have that v + g(v, r) G D%o, Po f° r ( w ' r ) e -^oo x ^ P rov ided e is small 
enough and p > pq. 

To obtain the inverse change and its properties it is straightforward. □ 
If we apply the change of variables u = v + g(v, r) to equation (|148[) . one can see that 

Ti(v,t) =T 1 (v + g(v,r),T) 

is solution of 



C S T X = T [dvTi) , (164) 

where 

T(h)(v,T) = A{v,t) + B{v,T)h{v,T) + C{h{ V ,T),V,T), (165) 
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with 



A(v,t) = A(v + 9(v,t),t) 

Bx (v + g(v,T),r) - Bx(v,t) + B 2 (v + g(v,T),r) 



B[v,r) 



C(w,v,t) =C 



1 + d v g(v, t) 



1 + d v g(v,r) 
w,v+g(v,r),T 



(166) 
(167) 

(168) 



where the functions A(u,t), B\{u,t) and B 2 (u, t) are defined in (|150[) . (|15ip and (11521) . 

We look for T\ by using a fixed point argument for d v T\ instead of T\ itself. Therefore, we look for a 
fixed point of the operator 

T = Qe o T, (169) 
where Q e is the operator in (|156|) . in the Banach space TL 2 \ :P > oyC r defined in (|154l) . 

Lemma 6.6. Let p' be defined in Lemma \6.5\ and Eq > small enough. Then, for e G (0, £o) there exists 
a function T\(v, t) defined in p , x such that d v T\ G T-L 2 x,p' ,a is a fixed point of the operator (| 16911 . 
Furthermore, there exists a constant b\ > such that, 



d v T x 



2 A 



Po< a 



Proof. It is straightforward to see that T is well defined from % 2 \,p' ,a to itself. We are going to prove that 
there exists a constant b\ > such that T sends B(bi\fi\e v+1 ) C T-L 2 \, p ' , a to itself and it is contractive 
there. 

Let us first consider J^O). From the definition of T in (|169p and the definition of T in (|165p . we have 
that 

?(o)(v,t) = g e (a) («,t) = g s (A)(v,r) + g £ (a- a) («,t). 



The first term was already bounded in Lemma [6.31 For the second one, it is enough to use mean value 
theorem and Lemmas 16.31 and 16.51 to bound d u A and g respectively, to obtain 



\\A(v + g(v, r), r) - A(v, r)|| 2A ^ < K\tfe^ +1 



Thus, applying Lemma [6721 there exists constant a b\ > such that 

Now, let h\,h 2 G S(6i|^|e'' +1 ) G % 2 \, p ' <a - Then, using the properties of Q e in Lemma 
definition of T in (|165[) 



and the 



\T(h 2 )-T{h x )\ 



2 A 



Po< 



< K 



< K 



2A. 



Pb> 



B-(h 2 - hi) + C(h 2 ,u,r) - C(hx,u,r) 



2 A,Pq ,<t 



Taking into account the definitions of B and C in (|167[) and (|168[) respectively and applying Lemmas 16. 11 
6.31 and \6. 51 we obtain 



\T(h 2 ) - F{hi)\ 



2 A 



!><>■ 



<^|/i|£"+ 1 ||^ 2 -/ ll | 



2A. 



Therefore, reducing e if necessary, LipJ 7 < 1/2 and therefore T is contractive from the ball B(bi\fi\e v+1 ) C 
%2A.p' ,<j into itself, and it has a unique fixed point h*. Since it satisfies 



\h'(y,T)\<bi\n\e 



t/+1 2ARc u 
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for (v, t) G p , xT„, we can take T\ as 



Tx(v,t) = / h*(w,T)dw. 



□ 

Finally, to prove Proposition 16 .41 from Lemma 16.61 it is enough to consider the change v — u + h(u, r) 
obtained in Lemma T6. 51 take T\{u, r) = Ti (it + h(u, r), r) and increase slightly b± if necessary. 

6.2 Local invariant manifolds in the parabolic case 

We devote this section to prove the existence of suitable representations of the unstable and stable 
invariant manifolds in the domains x T CT and x T CT respectively, under the hypotheses that 

the unperturbed Hamiltonian system has a parabolic critical point at the origin. We proceed as we have 
done in Section HTT1 for the hyperbolic case, that is, solving equation (|148|) . Let us point out that in the 
parabolic case, by Hypothesis HP4.2, the perturbation is taken in such a way that the periodic orbit 
remains at the origin. 

6.2.1 Banach spaces and technical lemmas 

Given a > 0, p > and an analytic function h : — > C, we define 

\\h\\ a , P = sup \u a h(u)\. 

ueD" „ 



Moreover for 27r-periodic in t, analytic functions h : D 1 ^ x T a — > C, we define the corresponding Fourier 
norm 

||ft||«w = £ feW e^. 

— II a.n 

fcGZ 

We introduce, thus, the following function space 

V a>P ,a = {h : D^ p xT^C; real-analytic, \\h\\„ lP , v < oo}, (170) 

which can be checked that is a Banach space for any fixed a > 0. 

In the next lemma, we state some properties of these Banach spaces. 

Lemma 6.7. The following statements hold: 
1- If oc\ > «2 > 0, then V ai ,p,<r C V a2 ,p,(7 an d 

\\h\\ct2,p,<7 — || ^|| ai ,p.a • 

2. Ifcti,a2 > 0, then, for h G V ai . p . a and g G V a2 ,p,a, we have that hg G V ai +a 2 . P .(T and 

II hg || Q1+Q2 , P ,(T — || h\ I Qi ,p,a | j Q || 02 ,P,& ' 

As in Section 16.11 we need to use the operators (? e and C/ e formally defined in (|155[) and (|156[) 
respectively. 

Lemma 6.8. 77*e operators Q £ and Q e acting on the spaces V a , P ,a- with a > 1 satisfy the following 
properties. 

1. For any a > 1, Q s : V a , p , a — > T > a—\,p,a *s weiZ defined and linear continuous. Moreover, commutes 
with d u and C e o Q £ = Id. 
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2. If h G V a , P ,a for some a > 1, then 

\\Qc(h)\\ a _ ltPta <K\\h\\ a , p ^ 
Furthermore, if h G V a . p .a for some a > and (h) = 0, then 

\\Gs(h)\\ a ^< Ke\\h\\ aiP<a . 

3. If h G Va.p.a for some a > 1, then Q e {h) G V a , P ,cr and 

We(h)\\ apa <K\\h\\ a , p , a . 

We also state a technical lemma about properties of the functions A, B\ and C defined in (|150[) . 
(|151[) and (|153|) respectively. Notice that now the function L?2 defined in (|152[) satisfies L?2 — since, by 
hypothesis, the perturbation fixes the periodic orbit at the origin. 

We first fix po > such that po(u) does not vanish in po and we define the constant 

2n 

a = > 1, (171) 

m — 2 

where m is the order of the potential (fT2"j) and n is the order of the perturbation ©. We observe that 
qo(u) G V 2 p g and po(u) G V-^ tP , a for any p big enough and any a > 0. 

Lemma 6.9. Let us consider p > po. Then, the functions A, B\ and C defined in (I150|) . (|151[) and 
(|153[) satisfy the following properties, 

1. A G V ao , P ,cr and d u A G / Pq +i. p . [ j- Moreover, (A) = (d u A) = and 

RA|| ao+M)ff < ir|„| £ ", p £ (A)|| ao+liPiCT < (172) 

-2. £?i G 7 ? 2n- m -2 p ct and <9 u L?i G V 2-n.-m.-2 | 1 p CT . Moreover, they satisfy 

< K\»\ e ", || 2^-2 +li/)>g < Jf|/i| £ ". (173) 

5. Let hi, G C 'Pqq+i.p.jj wit/i f <C 1. Then, 

\\C(h 2 ,U,T) - C(/ll,«,r)|| ao+ljfto . < A^||/l 2 - Ma +l,p,a- 

Proof. We prove the lemma in the polynomial case. The trigonometric one can be done analogously. 
For the first statement, recall that in the parabolic case the periodic orbit is located at the origin by 
Hypothesis HP4.2. Then 

A(u,t) = -pe n H 1 (q (u),p (u),T), 

where Hi is the function defined in §§§ and has zero mean. On the other hand, it is clear that the 
monomial with lowest order as Heu — > +00 corresponds to a„o9o ( M ) which behaves as 

Then A G V ao ,p,<j, that implies d u A G V aa +\, P ,a and 

\\d u A\\ ao+1 ^ < K\p\e\ 

Moreover, by Lemma 16.81 
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For the second statement, let us recall that 

TV 



Bi(u,t) = -us 71 a u( r )<?o( w K 2 ( u )- 

i-\-j—n 

J">1 

As Reu — > — oo, the monomials of B\ behave as 

o«(t-)3o(«K~ 2 («) ~ u-(^M^+^-V). 
Taking into account that 2n — 2 > m by Hypothesis HP5 and that i + j > n and j > 1, 

2 / 2 \ / • ^ 2 / 2 ™ 
+ H+ 1 0- 2 ) = 



?7i — 2 \m — 2 / m — 2 m — 2 

2n 2m 
> r + 1- 



m — 2 m — 2 

Therefore £?i G V -i n - m -i pa and satisfies || 2n-m-2 ff < A|/j|e' ) . For d u Bi, it is enough to differen- 
tiate. For the case 2n - 2 > m we have that <9 u i?i G V in.-™.-i , , . In the case 2?i — 2 = m we have 

— m — 2 r-L,p,cr 

that 



9uBi G V_^_ +1 , p , a C 



p,cr 



In both cases, we have that ||&,-Bi || 2,.- m -2 { 1 p g < K\/j,\e v . 

Wc bound the third term in the polynomial case. Wc split C = C\ + C 2 as 



Cx(w,u,r) - 



/r 2 



2p§(u) 

N 



w \ J . in 



C 2 (W,U,T) = -ftE* a ij( T K( u )P J o( u ) \( 1 + p2(ujJ ~ 1 ~ipl(u)J' 

Let h\,h 2 G B{v) C V ao +i,p,<T- Then, for the first term, 

||Ci(fc 3> U,T) - C 1 (/l 1 ,U > T)|| ao + li/)|ff < K \\ PQ (ur 2 (h 2 + M|| 0l(0 , CT 11^ - Mao+W 

< A' || As + /ll|| 2m /(m-2),p,a 11^2 - fa. L +l,p,a ■ 

By Hypotheses HP5, wc have 2n — 2 > m which implies 2m/ (m — 2) < ao + 1 and therefore 

Ufa + fa|| 2 m/(m-2),p, CT < \\ h 2 + fa 1 1 Qo + l,p, CT < 

Reasoning analogously, one can see that 

\\C 2 (h 2 ,u,r) - G 2 (^ 1 ,«,T)|| ao+w < A|/i| £ V ||fa - fti|| ao+1)fta • 

6.2.2 Proof of Theorem 14.31 in the parabolic case 



□ 



Wc devote this section to prove Theorem 14.31 for the case in which the unperturbed Hamiltonian has a 
parabolic critical point. First we rewrite it in terms of the Banach spaces defined in (|170p . 

Proposition 6.10. Let the constant cto be defined in (|171|) . p\ > big enough and Eq > small enough. 
Then, for e G (0, eo), there exists a function T\{u, r) defined in x T CT which satisfies equation (|148p 

and the asymptotic condition (|55p . Moreover, d u T\ G V aa +\ iPl . a and there exists a constant b\ > such 
that 

RTi|| Q0+w < 6 1 |/i| £ "+ 1 . 
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Theorem 14.31 is a straightforward consequence of this proposition. 
The proof of this proposition follows the same steps as the proof of Proposition 16.41 
The first step is to perform a change of variables which reduces the size of the linear term of T in 
P49p . This change is not necessary for the case r\ > 0. 

Lemma 6.11. Let p' a be such that po < p' < p±. Then, for e > small enough, there exists a function 
g £ Vq^i >a such that (g) = and is a solution of (| 1 63[) . Moreover, it satisfies that 

IMIo lP > < K\p\e^+\ \\d v g\\ , p> < K\p\e^+\ 

and v + g(v, r) € D^ pa for (v, r) e D^ p , x T a . 

Furthermore, (u,t) = (v+g(v, t), t) is invertible and its inverse is of the form (v,t) = (u + h(u,T),r), 
where h is a function defined for (u, r) € x and satisfies that h £ Vq^ Pi ^, 

INIcW < K\p\e^ +1 
and that u + h(u,r) <G D^^, for (u,t) G pi x T CT . 

Proof. Since B\ S T J 2 n - m -2 p a and it might happen that 2 "~™ 2 ~ 2 < 1, we cannot apply directly Lemma 



]to invert C e . Let us observe that, by Lcmma l6.9[ (-Bi) = and then we can define a function B\ such 
that 

<9 T Bi = B 1 and (Bi) = 0, 

which satisfies || 2n- m -2 pa < if|/x|e T '. 
We can define g as 

ff(v,r) = -eBi(v,t) +sG e (dyBx) (v,t). 

Then, applying Lemmas 16.81 and 16.91 one obtains the bounds for g and d v g. 

The proof of the other statements is analogous to the proof of Lemma 161)1 □ 



As in Section f6. 1.21 we define 

Ti(v,t) = Ti(v + g(v,T),r), 

which is a solution of (|164j) . Then, we look for d v T\ as a fixed point of the operator (|169[) in the Banach 
space V ao+ i t p' o:Cr . 

Lemma 6.12. Let ao be the constant defined in (|171[) and Eq > small enough. Then, for e G (0,£o) 
there exists a function T±(v, r) defined in p , x such that d v T\ G T- > ao +i,p' ,cr * s a fixed point of the 
operator (|169[) . Furthermore, there exists a constant bi > such that 



<biW +1 . 

a o + l,p' ,a,0 



Proof. It is straightforward to see that T is well defined from V ao +i, p ' , a to itself. We are going to prove 
that there exists a constant b\ > such that T is contractive in i?(&i|/i|e r ' +1 ) C Pao+i.^.o-- 

Let us consider first -^(O). From the definition of T in (|169p and the definition of T in (|165p . we have 
that 

T(0)(v, r) = Q e (l(v, t)) = g E (A(v, t)) + G e (A(v + g(v, r), r) - A(v, r)) . 

The first term has been bounded in Lemma l6.9l For the second one, we apply Lemmas 16.91 and 16.111 and 
the mean value theorem to obtain 

\\A(v + g(v 1 r),T)~A(v,r)\\ ao+l p , a < \\d u A\\ ao+1 . Po , a \\g\\ ^ a < K\p\ 2 e^ +1 . 
Thus, applying Lemma 16.81 there exists a constant b\ > such that 

||7(0)|| < -Me"* 1 . 

II v ' Ha a + l,(j — 2 
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Let hi,h 2 € B(bi\fi\e n+1 ) C V ao +i, P ' ,<T- Then, using the properties of Q £ in Lemma HT51 and the definition 
of T in (fl65)l . 



\T{h2)-T{h x )\ , <K 



< K 



a +l,p' ,tj 

B-(h 2 -hi) + C(h 2 ,v, t) - d(hi , v, t) 



ao+liPo' 



Taking into account the definitions of B and C in (|167|) and (|168|) . recalling that B 2 = and applying 
Lemmas 16.71 16.91 and I6.11l we obtain 

\\?(h 2 ) -^i)L 0+1iPG)(T < K\^ +1 \\h 2 - fti|L+i,p&,«r- 

Then, reducing e if necessary, LipJ 7 < 1/2 and then J 7 is contractive from B (6i|/z|e I ' +1 ) C V aa +\.o to 
itself and has a unique fixed point /t,*. Moreover, since it satisfies 



for (v, t) G -D" „, xT,,, we can define Xi as 



Ti(v,t) = / h*(w,r)dw. 



□ 

To prove Proposition 16.101 from Lemma T6.12[ as we have proceeded in Section f6. 1.21 it is enough to 
consider the change of variables v = u + h(u, r) obtained in Lcmma l6.11l take Ti(w, r) = Ti(u + h(u, r), r) 
and increase slightly b\ if necessary. 



7 Invariant manifolds in the outer domains: proof of Theorems 
S3] and EES 

7.1 Invariant manifolds in the outer domains when po(u) ^ 0: proof of Theo- 
rem 14.41 

In this section we prove the existence of the invariant manifolds in the domains D° n ^* x T a for * = u, s 
defined in (|35p provided po(u) ^= in these domains. Since the proof for both invariant manifolds is 
analogous, we only deal with the unstable case. 

First in Section 17.1.11 we define some Banach spaces and we state some technical lemmas. Then, in 
Section [7. 1.21 we prove Theorem 14.41 

7.1.1 Banach spaces and technical lemmas 

We start by defining some norms. Given vel and an analytic function h : D° u ^ u — > C, where D° u ^ u is 
the domain defined in (f55"j) . we consider 



\h\Up,n 



sup 



u£D„ 



a 2 Yh(u) 



Moreover for 27r-periodic in r, analytic functions h : D° u ^ u x T„ -) C, we consider the corresponding 
Fourier norm 



\h\\„, p , K , a = J2 \\ h[k] 



,\k\a 



fcez 



U, P ,K 
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We consider, thus, the following function space 

£v,p,k* = {h ■ D°£' u xT„^C; real-analytic, \\h\\ u>PtKt<T < co}, (174) 

which can be checked that is a Banach space for any i/£l. 

If there is no danger of confusion about the domain D° u *' u , we will denote 

|| ' G || ' ||lAp,K,(T and &V,G £v,p,K,G • 

In the next lemma, we state some properties of these Banach spaces. In the estimates we will make 
explicit the dependence of the constants with respect to k. 

Lemma 7.1. The following statements hold: 

1- If v \ > v 2, then £ Ul , a C £u 2 ,a and moreover if h £ £ Vl ,a, 

\\h\\ U2j(T < K{ K eY*-^\\h\\ Vua . 

2- If vi < vi, then £ Vl>a C £ V2 , a and moreover if h £ £„ ll<T , 

\\h\\ V2 ,c < K\\h\\ VulT . 
3. If h G £v 1 ,a and g £ £ V2 ,a, then hg £ £ Vl + V2<a - and 

\\hg\\ 

4- Let p' < p be such that p — p' has a positive lower bound independent of e, ft' and k such that 
ft < k' < and h £ £ u ,p,K,a- Then d u h £ £v,p',K',a an d satisfies 

1 1 & u h\ J V pi K ' a 5^ 1 : r \\h p K.tf 

£ \K' — K\ 

Throughout this section we are going to solve equations of the form C s h = g, where C e is the 
differential operator defined in (|5ip . Note that C e acting on £ vp is not invertible. Indeed for any smooth 
function /, f{u/e — r) £ Ker£ e . We consider a left- inverse of the operator C E , which we call Q El defined 
acting on the Fourier coefficients. Let us consider U\,u\ £ C the vertices of the domain D° u *' u (see Figure 
[4]). Then, we define Q e as 

g e (h)(u, T ) = Y J Qe{h) [k \u)e lk \ (175) 

fcez 

where its Fourier coefficients are given by 

g £ (h)W(u)= e^ e_1(i - u) ft [fc l(t)di forfc<0 

g e (hf ] {u) = f u h [0] (t)dt 

J-p 

g e {h)W(u)= e lkE ~ 1{t - u) h [k \t)dt forfc>0. 



Remark 7.2. Let us observe that the definition of the operator g e depends on the domain, since in its 
definition we use its vertices ui, u\ and also p. 

Lemma 7.3. The operator g e in (|175[) satisfies the following properties. 
1. If h £ £ UM for some v > ; then g e (h) £ £ v>a and 

\\Qe{h)\\ v , a < K\\h\\ v ,„. 

Furthermore, if (h) = 0, 

\\Ge{h)\\<Ke\\h\L„- 



GO 



2. If h £ £„ 1<T for some v > 1, then Q £ {h) £ £ v -x,a and 

\\Ge(h)t_ ha < K\\h\U. 

3. If h £ fy -cr for some v £ (0, 1), then Q E {h) £ £o,<r and 

\\5s(h)\\ Q:a < K\\h\\„, a . 

4- If h £ E v _ a for some v > 0, then Q E (d u h) £ £„ jCr and 

\\5s(duh)\\^ < K\\h\U a . 

5. If h £ X v a for some v > 0, C £ o G £ (h) = h and 

Q £ o C e (h)(v,r) = h{v,T) - e ifee " 1( - Ul - u) ft [fe] (-ux) - /i [0] M - ^ e** 6 "^-"^^ 

fe<0 fc>0 

If h £ X v ^ a for some v > 0, £ 6 o Q £ (h) — h and 

g £ oC e (h)(v,r) = / l ( U ,r)-^e te_1( ~ tll ^ tl) /i [fcl (-Mi) - Z^ 1 (u ) - ^ e 4fe£ ~ 1(ui - u) /i [fcl (ui). 

fc<0 fc>0 

Proof. It is a consequence of Lemma 5.5 in [GOSlOj . □ 
7.1.2 Proof of Theorem HI 

We prove Theorem 14.41 by looking for the analytic continuation of the function T\ = T — Tq obtained 
in Propositions 16.41 and 16.101 as a solution of equation (|148[) . First we rewrite the result in terms of the 
Banach spaces defined in (|174[) . 



Proposition 7.4. Let p\ be the constant introduced in Theorem \4 ■ S\ and let p2 > pi, £o > small enough 
and Ki > big enough. Then, for e £ (0, £o)> there exists a function T\ £ £e+i. P2 . Kl ,cr which satisfies 
equation (|148[) and is the analytic continuation of the analytic function T\ obtained in Propositions \6.4\ 
and \6.l0\ Moreover, there exists a constant bi > such that 

WduTA^^^bM^ 1 - 

This proposition gives the existence of the invariant manifolds in -0°"*^* x T a , * ~ u, s. 
We devote the rest of the section to prove Proposition 17.41 

First, we state a technical lemma about properties of the functions A, B\, E>2 and C defined in (|150p . 
(fT5"Tj) . (TJ52D and (ffSSI respectively. 

Lemma 7.5. Let p > and k > 0. Then, the functions A, B\, £>2 and C defined in (|150[) . (|151[) . (|152[) 
and (|153|) satisfy the following properties. 

1. A £ £i )PtK>(T and d u A £ £i+i lPtK . a . Moreover d u A satisfies 

\md,A)\\ tHm <KW<*\ 

2. If t — 2r < 0, Bi,d u B 1 ,B 2 £ £o,p, K ,a and satisfy (Bi) = and 

||Sl|| 0l/Jl «,a < KW 

R#i|| < K\p\e^ (177) 

\\B 2 \\o, P , K ,, <K\^\ 2 e^ +1 . 
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3. If t — 2r> 0, B 1 ,B 2 G £t- 2r , P ,n,a, d u Bi G £e-2r+i,p,K,a and satisfy (Bx) = and 

||-Bi|U-2 WlCT < A>| £ " 
||au5i||^_2H-l, / ,,«, < 7 < K\p\e" (178) 
||Ba||<-2 Wl< 7 <if|^| 2 e 2 "' +1 . 

4- Let us consider h\,h 2 G C £t+i, p , K ,cr with f < 1. Then, 

• If£-2r < 0, 

||C(/i 2 ,u,r) - C(/n,«,r)|| /+1>/1)J(i< , < ^" £max{ o,<-2r+i} H /l2 ~ ^iIU+i.p,^- 

• Ifl-2r > 0, 

\\C{h 2 ,u,r) - C(hi,u,T)\\ 2i _ 2r+2p K a < Kv\\h 2 - ^i|U + i,p, K:CT - 

Proof. For the first bounds, we split A = Ai + A 2 + A3, where Aj, i = 1,2,3, are the functions defined 
in (fT55| . (TIEO)) and respectively. 

Using (|162[) and (Til)]) , one can see that Ai G £r+i,p,(5,cr C £t+\, P ,6,a and 

< Pl||r+l,p,5, CT < K\n\e" +1 . (179) 

Applying LemmaEClJ we obtain \\G e {d u Ai)\\t, + i^ a < K\p\e n+1 . 

Moreover, by the definition of i, A 2 ,A 3 G £t, p ,s,a- Therefore d u A 2 ,d u A 3 G £e+i, P ,8,a and satisfy 
\\d u A 2 \\ i+hpAa < K\p\e^ and \\d u A 3 \\ e+1 ^ a < K\rfe 2 *> +1 . 

To bound Q £ (A 2 ), let us point out that (A 2 ) = and then, by Lemma [6721 

\\0e {d u A 2 )\\, +l p Sa < Ks\\d u A 2 \U +1 , p ,s,a < K\fx\e 



77+1 



Applying again Lemma 15721 we have ||t/ £ (i9M^43)||^+i,p, < 5,a < ii"|/x| 2 £ 2 '' +1 . Therefore 

\\Gs(d u A)\\ i+hp ^<K\rfe 2 »+\ 
The other bounds are straightforward. □ 

To prove Proposition 17.41 we proceed as in the proofs of Propositions 16.41 and 16.101 That is, we first 
perform a change of variables which reduces the size of the linear terms of J- in (|149[) . Notice that in 
order to prove Proposition 17.41 we could look for this change as the analytic continuation of the changes 
obtained in Lemmas 16. 51 and 16.111 Nevertheless, since we want the proof of Theorem 14.41 be also valid for 
Theorem l4.81 we look for a change g which is not necessarily continuation of the one obtained in Lemmas 
ESI and EH 

Lemma 7.6. Let hl\ > Kq > kq > and p'( > p[ > p 2 > p' , where p' is the constant introduced in 
Lemmas \6.5\ and \6.11\ Then, for e > small enough and k' big enough, there exists a function g which 
is solution of (|163p and satisfies: 



. If£-2r <0, g€£ 0M , 



|fl||o,p' 1 ,«' ,<7 < K\p\e 

',P'l,«0 



7J + 1 



\d v g\\ , P ' K > a < K\p\e" +1 . 



• If £ - 2r > 0, g G £e-2r, P ' 1 , K ' a ,a and 



\\9\U-2r M ,a < K\p\8^ 

\\d v g\U-2r+i, P i, K ' ,, < K\ii\e» +1 . 



()<S 



Moreover, v + q(v, t) € D°f, ' u for (v, t) € -D°; U xL. 

Furthermore, the change of variables (u,t) = (v + g{y,T),r) is invertible and its inverse is of the form 
(v,t) = (u + h(u, t),t). T/ie function h is defined in the domain -D™^" X T CT and satisfies 

• If£-2r<0 

\\h\W P2 ^ a <K\^ +1 . 

• Ift-2r>0 

\\h\\e-2r, P2 , K1 ,<r < K\n\e^ x . 
Moreover, u + h(u, r) £ Z?™ 4 ;? /or (u, r) € £>° 2 ut ^ x T a . 

In the case ^ — 2r < we need more precise bounds of both functions g and h restricted to the inner 
domain D™^ u defined in (|36[) . These bounds are given in the next corollary. 

Corollary 7.7. Let us assume £—2r<0 and let c\ > 0. Then, the functions g and h obtained in Lemma 
1 7. 6} restricted to the inner domain D™' y u , satisfy the following bounds 

S up\g(u,r)\ {UtT)eD ^ % ,u x ^ < K\n\s^ l + V * and S np\h(u,r)\ {uT)eD ,„, + ,, x ^ < K\^ 1+v ' 

with v* = min{(2r — £)j, 1}. 

Proof of Lemma \ 7. 6] and Corollary \ 7. 7[ To define g, let us recall first that, by Lemma 17.51 (B\) = 0. 
Then we can define a function B\ such that d T B\ = B\ and (Bi) = 0. Then, one can see that a solution 
of equation (|163[) . can be given by 

g(v,r) = -e'B 1 (y,T)+eg e (a v 'E 1 )(v,T), (180) 

where Q e is the integral operator defined in (11751) . 
By Lemma [73] one has: if £ — 2r > 0, 



if -1< I- 2r < 0, 



and finally, if £ - 2r < - 1 



\\BA\, „ , <A>|£" 
|d„Bi||, , , . , < Aide", 



||Bi|| n , <A>|e" 

|a„Bi||. , , < A|/i|£". 



ll^|| V2 ^, CT <^| £ " 



(181) 



(182) 



(183) 



From these inequalities, using Lemma 17.31 we conclude that: 

||g(i>, r) + eB±(v, r) r . „ , , nl , < Kat 

l^ v ' ' ' II max{(- 2r+l,0},/32,«o,cr — ~ 



r/+2 



which, together with (|181[) when £ — 2r > and with (|182[) and (|183|) when ^ — 2r < 0, gives the desired 
bounds for g. For the proof of the bound of d v g it is enough to apply again Lemmas 17.31 and 17.51 and 

(USD. 

The rest of the statements are straightforward. 

To proof Corollary 17.71 we just need to use the definition of B\ in (|151[) , and observe that it has a 
singularity or order £ — 2r if £ — 2r > and a zero of order 2r — £ if £ — 2r < 0. □ 
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Once we have the change g, we proceed as in Section [6.1. 21 defining 

T 1 (v,t)=T 1 (v + 9 (v,t),t) (184) 

which is solution of (|164[) , that is: 

£ e ?i = T (d v Ti) . 

We look for it using a fixed point argument on d v T\. Nevertheless, since we want d u T\ to be the 
analytic continuation of the function d u Ti obtained in Propositions 16.41 and 16.101 we have to impose 
initial conditions. Nevertheless, since we invert C £ by using the operator Q £ defined in (|175[) adapted to 
the domain D ^^ 1 x T CT , we consider a different initial condition depending on the Fourier coefficient. 

Recall that we arc looking for d v T\ defined in x T a . Thus, we define 

Aq(v,t) =Y,d v f[ k] (v^e-^'^-^e^ 

k<0 

+ d vf[ k] («i) e - ike ~^ v - v ^e ikT (185) 

k>0 

+ d v fl° ] (-p[), 

where Vx,Vi are the vertices of the outer domain D™^ 11 (sec Figurc|4|) and d v T± can be obtained differen- 
tiating (|184[) . since T\ is already known in a neighborhood of these points. Note that vi,vi,p[ € . 
Applying the bounds obtained in Propositions 16.41 and 16.101 and Lemma 17.61 one can see that 

\\A \\ 0M>a <K\n\e* +1 . (186) 

Let us define S(v,t) as the solution of 

S(v, t) = A (v, t) + g £ (d v F(sj) (v, t), 

where Q e and T are the operators defined in (|175l) and (|165|) respectively. Let us point out that the 
definition of T involves the functions A, B and C defined in (|166p . f| 167[) and (|168[) . Even if we keep 
the same notation, now the definitions involve the function g obtained in Lemma 17.61 instead of the ones 
given in Lemmas 16.51 and Lemma 16.111 

We will see that S is the analytic continuation of the function d u Ti(v + <?(?;, r), r)(l + d v g(v, r)) _1 , 
where T\ is obtained from Propositions 16.41 and 16.101 

Thus, we look for a fixed point S G ££+i,p' llK ' ,<7 °f the operator 

J(S)(v, r) = A (v, r) + Q e (d v f{S)) (v, r). (187) 

Lemma 7.8. Let So > be small enough and k' > kq big enough. Then, for e £ (0,£o), there exists a 
function S £ £t+i,tf lt K' ,o defined in x T a such that it is a fixed point of the operator (|187p and is 

the analytic continuation of the function d u T\(v + g(v, r), r)(l + d v g(v, t)) , where T\ is obtained from 
Propositions \ 6.J\ and \6.l0\ and g is given in Lemma \7.6] 
Moreover, there exists a constant 62 > such that 

\\S\\ t+ltPlK , a < h\^ +1 . 

Proof. We recall that, during the proof, g is the function given in Lemma 17.61 

It is straightforward to see that J is well defined from Se+iy s,a to itself. Wc are going to prove that 
there exists a constant 62 > such that J is contractive in B(b2\p\£ ,,+1 ) C Se+i^^n' 

First we deal with J(fS). From the definition of J in l|187|) and the definition of J- in (|165[) . we have 

J(0){v,t) = A (v, T ) + g e (d v A(v,T)) , 
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where A is the function in (|166[) . 

Taking into account the definition of A, we split J{Q) as 

J(0)(v, t) = A (v, t) + ft (d v A(v, r)) + ft (d v [A(v + g(v, r), r) - A(v, r)]) , 

where A is given in f|150[) . The first term has already been bounded in (|186[) and the second one in 
Lemma l7.5l For the third one, using p'{ introduced in Lemma 17.61 and applying Lemmas 17. 31 17.51 and 17.61 
and the mean value theorem, 

(0 V [A(v + g(v, r),r) - A(v, T)])\\ e+lp , K , a < \\A(v + g(v, r), r) - A(v, r)\\ i+hp ,^ a 

< lldu^ll^+i^Koe.CTlMlo^i.K^cr 

< K\[i\ 2 e 2r > +1 

Thus, there exists a constant 62 > such that 



|.7(0)|| 



+ l,pi,K^,cr 



Now let hi,h 2 E B(b 2 \(J.\e ,,+1 ) C Et+i,^,^- Using the definitions of J and T in (fTST)) and (TITJ5)) 
respectively, and applying Lemma 17.31 



< K 

< K 



"^+l, J Oj,«0,CT 

B-{h 2 - hi) + C{h 2 ,v,r) - C(h u v,T) 



l+l,p l 1 ,n' ,a 



To bound the Lipschitz constant of J , one has to take into account the definitions of B and C in (|167[) 
and (|168p respectively, and to apply Lemmas 17.51 and 17.61 We bound it in different ways depending 
whether I — 2r < or I — 2r > 0. In the first case we obtain 

\\J(h 2 ) - J{hr)\\ l+1 , p , >K> < KW^—^-^} \\ h2 Mm.*,^ , 

and in the second, 



r\~ (£— 2r) 

WW J{hx)\\ i+XM , C < K\p\ * +1 

( K o) 



hi\ 



i+l,p{,K' ,cr ■ 



Therefore, since 77 > max{0,£ — 2r}, taking e < £0 an d k' big enough, Lip J' < 1/2 and then J is 
contractive in B(b 2 \[i\e ri+1 ) C £e+i, p ' 1!K ' ,<? an d h nas a unique fixed point S(v,t). 

Now, we have to prove that S(v,t) is the analytic continuation of the function S(v,t) = d u T\(y + 
g(v, t), r)(l + d v g(v, r))" 1 obtained from Propositions 16.41 and 16 . 101 First let us observe that the operator 

(|187|) is well defined for functions in (^D^ pi n D°] lt ^ x T„. Moreover, both functions S(v, r) and S(v, r) 



are defined in (^D^ pi n D^^J x T CT and for (v, r) in this domain both are fixed points of the operator 
([THTjl and 



t+l,(T 



< b 1 pe r ' +1 . 



Then, using the norms defined in Section 17.1.11 but for functions defined in ( D 1 ^ pi n D ^'^ ] x T a 



one can sec that 



S(v,t) - S{v,t) 



< 



?+l,<T 



< 



J {S{v,t)) - J [S{v,t) 
S(v,t) - S(v,t) 



1+1,(7 



e+i,<T 



Then S(v,t) = S(v,t) for (v,t) e (^-D^. Pl ^D ^ £tj x and S{v,t) is the analytic continuation of 

the function d u T\{v + g(v, r), r)(l + d v g(v, r)) _1 to -D°"* K " x T CT . Finally, one can easily recover Ti from 
S. □ 
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Proof of Proposition \7-4\ To prove Proposition 17.41 from Lemma 17.81 it is enough to consider the change 
of variables v — u + h(u,r) obtained in Lemma 17.61 and to take T\(u,t) — T±(u + Ji(u,t),t) which by 
construction is the analytic continuation of the function T± obtained in Propositions 16.41 and 16. f 01 □ 

7.2 Invariant manifolds in the outer domains in the general case: proof of 
Theorems \4Jg EES, EH and I4T81 

We devote this section to prove the existence of the invariant manifolds in the outer domains, in the 
general case, that is assuming that po(u) can vanish. We split the proofs into Theorems 14.51 |4~61 14.71 and 
PI 

7.2.1 The variational equation along the separatrix 

In order to prove the existence of the perturbed stable and unstable invariant manifolds in certain domains, 
we will need to consider a real-analytic fundamental matrix solution of the variational equations along 
the unperturbed separatrix 

i = A(u)i, (188) 

where 

A{u) ={-V»( qo (u)) J) ( 189 ) 

and (qo(u),po(u)) is the parameterization of the unperturbed separatrix given in Hypothesis HP2. 

It is a well known fact that the derivative of the parameterization of the separatrix, that is (po(u),po(u)) 
(recall that q (u) = p n (u)), is a solution of (|188j) . A second independent solution can be given by 
(C{u),({u)), where 

C(u) =p (u) [ -^rdv, (190) 

Ju Po\ v ) 

where uq £ R is such that pq(uq) ^ 0. We consider then the following fundamental matrix 

*<«) = ( M ;\ f;l ) . (WD 

V Pom Cm / 

Remark 7.9. Notice that the function £ defined in (|190[) is well defined and analytic even if po(u) can 
vanish for some u € C and even that a priori it could seem that the integral depends on the path of 
integration. 

Indeed, since po(u) = — V" (qo(u))po(u) , one can see that the Taylor expansion around any zero u* G C 
of Po(u) is of the form 

p (u) = po (u*) (u -u*)+0{u- u*) 

(observe that po(u*) ^ 0)) and then, the residue of the integrand appearing in the definition of £ in (| 19011 
is zero. Finally, even if the integral might be divergent if one takes u* as the upper limit of integration, 
lim„_>„. ((u) = -l/p (u*). 

7.2.2 Proof of Theorem HH 

In this section we prove the existence of a change of variables which allow us to obtain a parameterization 
of the invariant manifolds which satisfies equation ([50)1 from the parameterization obtained in Theorem 
IP 

It is straightforward to see that the functions defined in ([55]) satisfy equation (|50p provided U u satisfies 

C e h = M(v + h(v,T),T), (192) 

where 



M(u,r) - -gL-^Tifar) + -^rdpHx (q (u),p (u) + — L-d u Ti(u, r), r ) , (193) 

Po\ u ) pow v Pom 
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Hi is the Hamiltonian defined in (|40[) and T\ is the function obtained in Proposition 16.41 

Decomposing the right hand side of equation (|192[) into constant, linear and higher order terms in h, 
it can be rewritten as 

C £ h = M(h), (194) 

where 

M(h)(v, t) = M(v, t) + (JVi(«, r) + JV 2 («, t)) h{v, r) + t),v, t) (195) 

and 



iVi(«,r) = liePdv 



-dpHl (q (v),p {v),T) 



(196) 



.Po(w) 

N 2 (v,t) = d v M(v,r) - m(v,T) (197) 
R{h,v,r) =M(v + h,T)-d v M(v,T)h-M(v,T), (198) 



where and M are defined in (|4"Tjl and (|193[l respectively. 

We now define appropriate Banach spaces. For anal; 
the domain defined in (1581). we define the Fourier norm 



We now define appropriate Banach spaces. For analytic functions h : I™ x T a — s- C, where 7" pi is 



\h\u = ElK fcI 



e \k\c 



is the classical suprcmum norm in 7™ 3 p4 . We consider the following function space 

A rT = {h: Ip^ pi xT ff ^C; real-analytic, \\h\\ a < oo} (199) 

which is straightforward to see that is a Banach algebra. 

Throughout this section we will need to solve equations of the form C e h = g, where £ e is the differential 
operator defined in (f5"Tj) . We take the operator Q e defined in (| 1 75|) as right inverse of C e . In Section [7. 1.1 1 
it was applied to functions belonging to £u tPt s.a (sec (| 1 74[) ) but it is clear that it can also be applied to 
functions in A a if we take as the constant integration limits of the Fourier coefficients of Q e as v\ , v\ , the 
vertices of the domain /" , and — (see Figure [5]). 

Lemma 7.10. The operator Q e in (|175[) satisfies the following properties. 

• Q £ is linear from A a to itself and satisfies C £ o Q e = Id. 

• If h € A a , then 

\\g e {h)h<K\\h\\ a . 

Furthermore, if (h) = 0, then 

\\g e (K)\\ a <Ke\\h\\ a . 

Finally, we state a technical lemma which gives some properties of the functions M, Ni, N 2 and R 
defined in (pM)) . JTSB]), P?7|) and (JHHJ) respectively. 

Lemma 7.11. 27ie functions M, N x , N 2 and R defined in ([T9TI1) . (ITM)) . (fP9T)) and ([TTJg)) safe/?/ i/ie 
following properties: 

1. M £ A a and satisfies 

||M|| CT < K\fi\e\ \\g £ (M)\\„ < K\^+\ (200) 

2. N\, N 2 G A a - Moreover they satisfy (Ni) = and 

\\N l \\ ir <K\n\e 7 ', \\N 2 \\* < A>|e" +1 . (201) 

5. Let ms consider hi,h 2 £ B(v) C wii/i i/<l. Then, 

\\R(h 2 , v, t) - R{h x ,v, r)\\ a < Kv\\h 2 - h x \\c- 



7-3 



Proof. The first bound is straightforward taking into account the bounds for and T\ obtained in 
Corollary 15.61 and Propositions 16.41 and 16.101 For the second one, one has to split M as M = Mi + M2, 
where 

Mi(u,r) = fie ri ——-d p Hl(qo(u),p (u),T), 
Po{u) 

where Hi is the Hamiltonian in (gTJ), and M 2 = M - M x . Since (Mi) = and satisfies ||Mi|| CT < K\p,\e v , 
by Lemma 17.101 we have that ||<5 e (Mi)|| CT < K\fi\e v+1 . On the other hand, by the bound of cik in 
Corollary 15.61 and the bound of T\ given by Proposition 16.41 M 2 satisfies 1 1 A^2 1 1 o- < K\p\e n+1 , and 
therefore ||£ £ (M 2 )|| ff < K\n\e^ x . 

The bounds of N\ , N 2 and R can be obtained analogously taking into account the definition of M in 



(11931) and that R is quadratic in h. □ 

We split Theorem 14.51 in the following proposition and corollary, which are rewritten in terms of the 
Banach space defined in (|199[) . Theorem 14.51 follows directly from those results. 

Proposition 7.12. Let p\ be the constant considered in Proposition \6.4\ and let us consider p^ and p± 
such that pi > P3 > pi and Eq > small enough (which might depend on pi, i = 1,3,4,). Then, for 
e £ (0,£o) there exists a function U u € A a defined in 7" x T a that satisfies equation (|194p . Moreover, 
for (v,t) £ Ip 3 /M x T a , v + U u (v,t) £ and there exists a constant 63 > such that 



r f)+i 



Corollary 7.13. Let us consider the constants p$ and p4 given by Proposition \ 7.1^\ and eo > small 
enough. Then, for e G (0, £0) there exist parameterizations of the invariant manifolds 

(Q>, r), P>, r)) = (q (v) + Cft(v, r),p (v) + P?(v, r)) 

which are solution of equation (|50p . Moreover (Q",P") G A a x A a are defined in J" p4 x T a and there 
exists a constant 64 > such that 

\fflh < bM^ 1 

The proof of this corollary is a straightforward consequence of Proposition [TT^J 
We prove Proposition 17.121 by using a fixed point argument. Nevertheless, the operator M in Q195P 
has linear terms in h which are not small when r\ = 0. Therefore, we have first to consider a change of 
variables to obtain a contractive operator. For this purpose, let us consider N\ = Q e (Ni), where Q e is 
the operator in (|175[) and N\ the function in (|196[) . Taking into account that (Ni) = and applying 
Lemmas 17.111 and 17.101 we have that 

||lV 1 || (T = ||^(iV 1 )|| CT <A'He" +1 - (202) 

Then, we consider the change 

h=(l + Ni)h (203) 
which, by ([202]) . is invcrtiblc for (v, t) G Z« 3 j04 x T ct . By (|T94| and (|203)) . h is solution of 

£ £ h = M*(h), 

where 

M* (h) (v, t) = M(v, t) + N(v, r)h{v, r) + R (h(v, r), v, r) (204) 

with 

M{v,t) = {1 + N 1 {v 1 t)Y 1 M{v,t) (205) 
N(v,t) = (1 + N 1 (v,r)y 1 N 1 (v,t)N 1 (v,t) + N 2 (v,t) (206) 
R(h,v, T )= (l+77 1 ( W ,r)) _1 i?((l+]V 1 ( U ,T))ft:,t;,r). (207) 
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To find a solution of this equation, we look for a fixed point h € A a of the operator 

m = g b om*, 



(208) 



where Ge and Ai* are the operators (|175p and (|204p . Then, Proposition 17.121 is a consequence of the 
following lemma. 

Lemma 7.14. Let us consider eo > small enough. Then, fore £ (0,Eq), there exists a function h 6 A a 
defined in I p3 „ 4 xT,, such that it is a fixed point of the operator (|208p . Moreover, it satisfies 

\\h\\ a <K\^ +1 

and then u = v+ (l + N 1 (v,r)) h{v,r) € D^ pi for (u,r) G P p l 3 Pi x T a . 

Proof. It is straightforward to see that the operator M. sends A a to itself. We are going to prove that 
there exists a constant 63 > such that M. is contractive in B(b3\fi\e ,,+1 ) C A a . 

Let us consider first M(0) = Q e o M*(0). From the definitions of M* and M in (^01)) and (j2"0"5)) 
respectively, we have that 



M 



(0) = Ge(M*) = Ge((l + N 1 ) 1 Af) =&(M)-&((1 + JV 1 ) 'iVxM) 



The first term has already been bounded in Lemma T7. Ill and satisfies ||^ e (M)|| CT < K\[i\e T,+1 . For the 
second one has to take into account Lemma [7.101 and then (|202j) and Lemma 17. Ill to obtain 

\g £ ((1 + N i y 1 N 1 M^j^ < KWN^l \\M\\ a < K\v\ 2 e 2ri+1 . 

Therefore, there exists a constant 63 > such that 

||M(0)|| ff < 

Let us consider now hi,h 2 S -6(63 e T?+1 ) C .4^. Then using the properties of Ge given in Lemma \7. 101 
and the definition of M* in (j20"t)) . 



< A" 

< A" 



M*(ft2)-M*(ftl)|| ff 

N{v,r)(h 2 -/ii) + R(h 2 ,v,r) - R(K u v,t) 



\\M{h 2 ) - M(h!)\ 

Taking into account the definitions of N and R in (|206[) and (|207[) and applying Lemma 17.111 and bound 



202[) . one obtains 



|M(M - A4(hi)|L < K\^ +1 \\h 2 - hx\ 



Therefore, reducing e if necessary, Lip.M < 1/2 and therefore Ai is contractive from the ball B(bs \fi\e n+1 ) C 
A a into itself and it has a unique fixed point h. □ 

Proof of Proposition \7.12\ To prove Proposition 17.121 from Lemma 16.61 it is enough to undo the change 
of variables (|203| to obtain U u = (l + N^h. Then, using bound (|202[) and increasing slightly 63 if 
necessary, we obtain the bound for U w . □ 

7.2.3 Proof of Theorem HTHl 

We prove Theorem 14.61 looking for a solution of (|50|) through a fixed point argument, taking the pa- 
rameterizations of the invariant manifolds as perturbations of the parameterizations of the unperturbed 
separatrix. Since we only deal with the unstable manifold, we omit the superscript u. We consider 



Q(v,t) 
P(v,t) 



qo(v) + Qi{v,t) 
Po(v) + Pl(v,t) 
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and thus we look for (Qi,Pi) as solutions of 

(£ e - A(u)) ( ^ ) =K( ^ V (209) 

where C E is the operator defined in ([5"Tj) . A is the matrix defined in (|189p . 

IC(f)(v t) = ( V^dpH! {q (u) + £i,p (u) + £ 2 ,t) \ 
l?A ' J ^ G(6)(u,T)-^a,H 1 (( R) («)+ei ) po(«) + e a ,r) j 

and 

G(fi)(«,r) = - (V'(x p (r) + q (u) + - V'(x p (r)) - V'(q (u)) - V"(q (u))^) , (210) 

where for shortness we have put £1 and £2 for £i(u,t) and £2(^,7"). 

We decompose K, considering constant, linear and higher order terms in £ as 



with 



£(£)(«, r) = L(u, t) + (M x (u, r) + M 2 (u, r)) r) + N(0(u, r) (211) 



£(«,r) = dH( q (u)Mu) T ) + ( (21JJ) 



-5 g Fi(a,(«),lJo(u),r) / V G(0)( U ,r 

Mx(u t) = ne 11 ( 9qp ^ (*(u),Po(u),t) d pp Hj(q (u),p a (u),T) 
\ -d qq Hl(q (u),p (u),T) ~d qp H\{q (u),p (u),T) 



(213) 



M 2 (u t) = fie n+1 \ d qpHj(<lo{u),Po{u),T) d pp Hj(q (u),p (u),T) \ 
^ -d qq Hl(q Q (u),p (u),T) -d qp Hf(q (u),p (u),T) J 

N(0(u, t) = L(u, r) + (M!(tt, r) + M a (u, r)) r) - £(£)(«, r). (215) 
First step is to define the following function space 

y a = |/i : xT->C; real-analytic, ||/i||cr < 00 j , 

where ^p 1 ^'^ is the domain defined in (|60[) and 

IWU = y"|k [fc] e |fc|ff , (216) 
— J II 00 

fcez 

where || ■ ||oo is the classical supremmum norm. It is a well known fact that this function space is a Banach 
algebra (sec for instance |Sau01j ). We also define the product space 

y„ x y a = {h = {hxM) ■ D° u ^ xT„4 C 2 ; real-analytic, \\h\\ a = ||^i|| CT + \\h 2 \\ a < 00}. (217) 

Since we deal with the Banach space y a x y a , it is also useful to consider the norm for 2 x 2 matrices 
induced by || ■ jl^. Let B = (6 lJ ) be a 2 x 2 matrix such that 6 y e y a . Then, the induced norm with 
respect to the norm of y a x y ai which we also denote || ■ \\ a abusing notation, is given by 

||B|| ff = max{|p|| a + |P|| CT }. (218) 

j — J*,* 

The next lemma gives some properties of this induced norm. 
Lemma 7.15. The following statements are satisfied 

1. If h <^y a x y a and B = (6 lJ ) is a 2 x 2 matrix with b l i € y a , then Bh £ y a X y a and 

\\Bh\\ a < \\B\\ a \\h\\„. 
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2. If B\ = (b^ ) and B 2 = (b 2 ) are 2x2 matrices which satisfy 6 1 / G y a and b 2 G respectively, 
then -B3 = (6g J ) = B1B2 satisfies b$ G £ CT and 

II-B3IU < HBxIl^llSalU- 

Second step is to look for a right inverse of C e — A(u), where A is defined in (|189|) . To obtain it we use 
the operator Q e defined in (|175[) . which is well defined for functions belonging to y a , if we take the 
vertices of the domain D° n ^ defined in (|60p (see Figure [7]). Recalling that $ defined in (|191j) satisfies 
£ e i> = A§, we can define a right inverse of C E — A(v) as 

g e (h) =$g e (<!>- 1 h), for h = 



hi 

1>2 



Lemma 7.16. The operator g e in (|219|l satisfies the following properties. 
1. If h 6^x y a , then Q e (h) £ J„ x y a and 

Qe(h) <K\\h\\ a . 



(219) 



2. Furthermore, if (h) = 0, then 



Ge(h) 



< Ke\\h\ 



We rewrite Theorem 14.61 in terms of equation (|209p and the Banach spaces defined in (|217[) . 

Proposition 7.17. Let p± and K\ be the constant considered in Proposition \7.lS\ and \7.4\ and let also 
do > and Sq > small enough. Then, for e G (0,£o) there exist functions (Q\,P\) G y a X y c which 
satisfy eguation (|209p and are the analytic continuation of the functions (Qi,P\) obtained in Corollary 
\7.13\ Moreover, there exists a constant 65 > such that 

\\(Qi,Pi)\W<hW +1 . 

Before proving the proposition, we state and prove the following technical lemma. 

Lemma 7.18. The functions L, Mb M 2 and N defined in |[2"T2"]) . ([2T3]) . (j2l"4"]) and (|2T5| respectively, 
have the following properties, 

1. L G y a x y a and satisfies 

\\L\\ a <KW\ \\g E {L)\\ a < K\^+\ 

2. Mi = (m^ and M 2 = (rn%) satisfy ///''. e y a x^, (Mi) = and 



\M, 



2 CT 



< K\»\ 2 e 2r > + \ 



Uh\\ a < K\pi\e\ 
3. If£,?eB(v)cy„xy„, then 

\\N(o-mh<KvM'-z\\ c 

Proof. For the first statement let us split L as L = L\ + L 2 + £3 with 



Li(u,r) 



^+ l ~ 1 d p Hl(q (u),po(u),T) 
-^- 1 d q Hl(qo(u), Po (u),T) 



1,2 



and 



L 3 (u,t) 





G(0)( W ,r) 
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where Hi , H 2 and G arc the functions defined in (|4"TT) , (|4"3")l and (|210[) respectively. One can easily see that 
Li,L 2 e^x 34, (Li) = and ||ii|| CT < if|/x|e'' and, using Corollary \5M also that ||i 2 ||<7 < K\n\ 2 £ 2r > +1 . 
Thus, applying Lemma \7. 161 one obtains ||(? £ (Xi)||er < K\p\e v+1 for i = 1,2. 

To obtain analogous properties for L3, it is enough to apply Mean Value Theorem to obtain 





1 

V (six p (t) + s 2 qo{u)) ds 1 ds 2 qo{u)x p (T) 



Then, ||L 3 || ff < K\p\e ,1+1 . Therefore, applying Lemma 17351 we have that ||<? e {X 3 )|U < K\^\e n+1 - This 
finishes the proof of the first statement. 

The proof of the other statements is straightforward. □ 

To prove Proposition 17.171 first one has to perform a change of variables to equation (|209[) to obtain 
a contractive operator. In fact, this change is only necessary in the case 77 = 0. Let us consider 

Mi = (m\ j ) with m\ j = g e (m[ j ) , (220) 



where Q e is the operator defined in (|175p and M\ = [rnf J is the matrix defined in (|213[) . By Lemmas 
17.181 and 17.31 one can see that 

\\Mi\\a <K\n\e* +1 . (221) 

We consider the change of variables 

f=(ld + Mi)f (222) 
which is invertiblc. Using (|209|) and (j222p . £ is solution of equation 



where 
with 



(£ e - A(u)K = £(0, (223) 
=L + M£ + N(J) (224) 



L = (ld + Mi)~ L (225) 
M = (id + I7i) _1 (Mi Mi + Mi - Mi A + M 2 (id + Mi)) (226) 
N(l) = (Id + Mi) _1 iV((ld + Mi)e) • (227) 

Since we want to obtain the analytic continuation of the parameterizations of the manifolds obtained 
in Corollary 17. 131 we need to impose initial conditions. Nevertheless, since we invert C e — A{u) by using 
the operator Q e in (|219p which is defined acting on the Fourier coefficients, we need to consider a different 
initial condition depending on the Fourier coefficient, that is in u\ or in u\ (see Figure [7]). Thus, we 
define the following function 

L (v,t) =^*(«)$- 1 («i)? [ ' ;1 («i)e- 4fe£ ~>- Sl V fcT 

fc<0 

+ Hv^Mf 1 ( Vl ) e-av-^-^etor (228) 

fc>0 

Recall that £(v, r) is already known for v = vi,vi, —pa using ([222]), f|220[) and Corollarv l7.13l 
Lemma 7.19. The junction Lq(u,t) in (j228j) satisfies de following properties: 
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• (C £ — A(v)) Lq = 0, where C e is the operator in §51 

• Lq G y a x y a and 



||io|U < K\^+\ 

The function £ satisfies equation (|223p and the initial conditions on the Fourier coefficients Lq in 
if and only if it is solution of the integral equation 



P 



= Lq + Q e o JC 



P 



where Q e and K, are the operators defined in (|219[) and (|211[) respectively. Thus, we look for a fixed point 
6 = (Qi,Px) G y CT x y CT of the operator 

K = L + g s o K. (229) 
Therefore, Proposition 17. 171 is a straightforward consequence of the following lemma. 

Lemma 7.20. Let Sq > be small enough. Then, for e G (0,£o); there exists a function £ G y a x y a 
defined in -D™*^" Kl X IV swc/i f/ia£ is a fixed point of the operator (|229[) and satisfies 

/or a certain constant 65 > independent of e and /i. Moreover, £ = (Id + Mi)(, where Mi is the 
function defined in (|220p . is i/ie analytic continuation of the function £ = (Qi, Pi) obtained in Corollary 

Proof. To prove the lemma, first we see that there exists a constant 65 > such that the operator JC in 
(|229p is contractive from i?(65|/i|e ?,+1 ) C ^ x J„ to itself and thus that it has a fixed point. Then, we 
will see that £ = (Id + Mj)(, where Mi is the function defined in (|220[) . is the analytic continuation of 
the parameterizations of the manifolds which have been obtained in Corollary 17. 131 

Let us first consider /C(0). Using the definitions of /C, JC and L in (|229[) . (|211[) and (|225[) . we have that 



K(0) = Lq + Q e [L 

= L +g e (L)-g E [M 1 (id + jWypL 



From Lemmas 17.191 [7TT51 and [7TT51 and applying also the bound of M 1 in (|22ip . it is straightforward to 
see that 11^(0)1^ < K\fi,\e r ' +1 , and thus there exists a constant 65 > such that \\JC{Q)\\ a < & 5 |^|£ , '+ 1 /2. 

Let us consider now £ , £ G B(b$\n\s ri+1 ) C y a x 3^-. Then using the definitions of /C and JC in (|229[) 
and (|224l) . and applying Lemma I?. 16[ 



/C 



(?')-*(?) 



<i£" 



KU 1 



MU -i +NU )-NU 



Then, using the definitions of M and N in (|226p and (|227p and applying Lemma 17.181 and bound (12211) . 
one can see that 



Kit )-lC[t 



< K\n\e 



f-f 



Therefore, reducing e if necessary, Lip/C < 1/2 and then JC is contractive from B(b5\n\e ,,+1 ) C J, x J, 
to itself and it has a unique fixed point £. 

To prove that £ = (Id + is the analytic continuation of the function £ = (Qi,Pi) obtained in 

Corollary 17.131 one can proceed as in the proof of Lemma 17.81 □ 



Proof of Proposition \77T7\ It is enough to undo the change (|222p . For the bound of £ = (Qi,Pi) it is 
enough to consider the bound of M 1 in (|22ip and the bound of £ in Lemma 17.201 and increase slightly b 5 
if necessary. □ 
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7.2.4 Proof of Theorem 13771 

This section is devoted to obtain a parameterization of the invariant manifolds of the form (|48p in the 
domains (|3"2"|) . To this end, we look for changes of variables v = u + V u ' s (u, r) which satisfy (f52l . 

Since the proof of Theorem 14.71 is analogous for both invariant manifolds, we only deal with the 
unstable case and we omit the superscript u to simplify notation. 

Writing Q{v,t) = qo(v) + Qi(v,t), equation ([62]) reads 

q (u + V(u, t)) - q (u) = -Qx (u + V(u, r), r) . 

Taking into account that qo(u) = po(u), to obtain a solution of this equation is equivalent to obtain a 
fixed point of the operator 

Af(h)(u, t) = ]— (Qi (u + h(u, r), r) + q (u + h(u, r)) - q (u) - p (u)h(u, r)) . (230) 

PoW 

Let the function space 

Qn.d.a = \h : I° n j u x T a -> C; real-analytic, ||/i||« )( i 1<T < ooj , (231) 
where || ■ \\ K .d,a is the Fourier norm defined in (|216[) but applied to functions defined in I° u ^ u x T CT . 



We split Theorem 14.71 in the following proposition and corollary, which are written in terms of the 
Banach space defined in (|231[) . 

Proposition 7.21. Let us consider the constant Ki given in Proposition \7.l7\ oIq > d\ > 0, k-i > ki and 

Bq > small enough, which might depend on the previous constants. Then, there exists a constant be > 
such that for e € (0, £q) o,nd Ki and big enough, the operator AT is contractive from B (be\fi\£ n+1 ) C Q a 
to itself. 

Then, Af has a unique fixed point V € B (fog | /j.|e 77+1 ) C Q a , which satisfies that u + V(u, r) € 
for ( V )eCxT, 

Corollary 7.22. There exists a function T : -f™*^ x T CT — > C such that 

d u T(u, t) = p (u)P(u + V(u, r), r), 

where P and V are the functions obtained in Theorem \4-6] and Proposition \ 7. 2f\ respectively, and satisfies 
equation (|47[) . Moreover, it belongs to Q a and satisfies 

\\d u T-d u T \\ K2dur7 <b 7 \^ +1 . 

for certain constant bj > 0. 

We devote the rest of this section to prove Proposition 17.211 and Corollary 17.221 

Proof of Proposition \7.21\ The operator Af sends Q K2 ,di,cr to itself. To see that exists a constant be > 
such that is contractive in B (6 6 |^t|e 7?+1 ) C Q K2 ,d 1 ,tT, we first consider Af(0). By Proposition l7.17[ there 
exists a constant be > such that 

\Mo)\\ K2 , du<r = W^Q^v^W^ < IimI^ 1 . 

To see that Af is contractive, let hi, h 2 € B (be\p.\e' n+1 ) C Q K2 ,d 1 ,<y By Proposition 17.171 we know that 
Q\{u,t) is defined in and satisfies ||Qi|| Kl , d a ,a < K\[i\£ TI+1 in this domain. Applying Cauchy 

estimates in the nested domains I^t'do/^ C do' one ^ as 

\\d v Ql\\2 K , 1 ,d /2.a < —fJ£ V - 
Kl 



SO 



Then, defining h s (v, r) = sh,2(v, T) + (l — s)hx(v, t) for s G (0, 1), using the mean value theorem, increasing 
Ki if necessary and taking K2 > 2ki, 



\\Af(h2) - Af(hi)\ 



Kn,d-\ , (7 



< 



< 



Po\v) / (d u Q 1 {v + h s ,T)+p (v + h s )-p a (v))ds 
Jo 

11^2 - hi\\ K2 di a 



K>2 ,di ,(T 



■ \\ h 2 ~ hiL 2 , du * 



<l\\h2-h t \\ a . 

Then, N : B (b e \p\e v+1 ) — > B (b 6 \p\e r,+1 ) C Q^^.a and is contractive. Therefore, it has a unique fixed 
point which satisfies the properties stated in Proposition 17.211 □ 

Proof of Corollary \7.22\ Proposition [721] gives a parameterization of the form 

(q,p) = (Q(u + V(«, r), r), P(u + V(u, r), r)) - (q (u), P(u + V(u, r), r)). 

We want to have a parameterization of the form (|48[) . where T is a function which satisfies (jT7|) . To 
recover this function it is enough to point out that, since we want it to be solution of (|47p . we know its 
gradient 

{d u T(u,T),d T T(u,T)) = ( Po (u)P(u + V(u,T),T),-eH(u, Po (u)P(u + V(u,T),T),T) . 

Then, it is enough to check the compatibility condition 

d T [p (u)P(u + V(u,T),T)} = -d u [sH (u, Po (u)P(u + V(u,t),t),t)] . (232) 

Differentiating equation (|62j) . one has that V satisfies 

d v Q(u + V(u, r), r) (1 + d u V(u, r)) = Po (u) 
d v Q(u + V(u,T),T)d T V(u,T) + d T Q(u + V(u,T),T) = 

Then, using this equalities and equation f|50[) . one can prove (|232l) . 

Finally, recalling that d u T (u) = Pq{u) and P{v,t) = P o(v) + Pi(v, r) and applying Proposition [7T7| 
and the mean value theorem, 

\\d u T - d u T \\ K2dia < \\p Q (u) (P^u + V(u, t),t) + Po (u + V(u, r)) - po(u))|| a 

□ 



7.2.5 Proof of Theorem EH 

The proof of Theorem 14.81 follows the same steps as the proof of Theorem 14.41 For this reason, in this 
section we only explain which are the main differences. 

First, let us point out that the operator Q e defined in f| 1 75[) can be also applied to functions defined 
in D" 3 d2 x T CT if one takes as ui, Tii the vertices of D" 3 d2 (see Figure [5]) and as p the left endpoint of the 
interval D" 3 d2 n M. Now the paths of integration cannot be straight lines. Nevertheless, it is easy to see 
that Q e satisfies the same properties as the ones stated in Lemma [73] but applied to functions defined in 
the new domain. 

Then, if one considers Banach spaces analogous to £ u ,cn with v > 0, given in (|174j) . for functions 
defined in D" d xT„, one can prove Proposition 17.41 but looking for the function T\ as the analytic 
continuation of the function obtained in Corollarv l7.22l instcad of the function T\ obtained in Proposition 
16.41 and Proposition 16. 101 

The rest of the proof follows the same lines as the proof of Proposition 17.41 
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7.3 The first asymptotic term of the invariant manifolds near the singularities 

for the case I = 2r 

In the case rj = and £ — 2r = 0, we need a better knowledge of the first asymptotic terms of the invariant 
manifolds close the singularities of the unperturbed separatrix u = ±ia. In the next result, we obtain 
them for the unstable invariant manifold close to u = ia. The other cases can be done analogously. 

C, wc define the Fourier norm 



For real, 27r-periodic in r, analytic functions h : D™ di x T 



E 

fcez 



sup 



(u,r)e£>; 



3 - d 2 



\(u 2 + a 2 yhW(u)\e\ k 



being, as usual, the fc-Fourier coefficient of h. 

The next proposition will be used later in Section O 

Proposition 7.23. Let us assume i — 2r = 0, and let Qj and Fj be the functions defined in (|T9[) and 
(|80p respectively (see also Remark \4-14\ ) an d the constant C+ given in (|13|) and (|14|) . 
Then, there exists a real analytic function £ : D™ 3 dr> x T CT — > C, satisfying that: 

H\\2r+l-l/ q ,a < KW V+ \ 



where r = a/f3 has been defined in Hypothesis HP2 and, for (u,r) G 25" C2 x T CT7 the functions T u 
obtained respectively in Proposition \ 7.4\ (case oio(u) 7^ 0) and Proposition \ 7. 1 7| (general case), are such 



that 



2r^ +1 C\ 



dMu, t) - ^ . r ^ (F (r) + /i(QoFi)) + £(u, r) 



rj+2 



(233) 



2r+2,a 



Proof. We prove Proposition [7?23] in the polynomial case. Taking into account Remark 14.141 the proof of 
the trigonometric case is completely analogous. 

We only deal with the case po(u) 7^ being the other case analogous. For this reason we will only 
take into account the previous results in this case. In fact we will see that Proposition 17.231 is also valid 
for (u, r) € D™^" where p' Y and k' arc the constants for which Proposition 17.41 holds. 

We first obtain the asymptotic expansion for the function d v T\{v, r) obtained in Proposition 17.41 
which is defined for (v, r) € Z?°" £f x and then we use the change variables v = u + h(u, r) defined in 



Lemma 17.61 

To obtain the asymptotic expansion, we decompose d v T\ into several parts taking into account that 
d v Ti is a fixed point of the operator J in (|187|) and that we know explicitly JifS). We use the functions 
Ai defined in (I159|) . (|160[) . (|16ip respectively, the change of variables g obtained in Lemma 171)1 and the 
operator J in (j!87|l . We take 



with 



£>!(«, T 

D 3 (v,t 

Di{v,T 

D 5 (v,t 
D 6 (v,t 

D 7 (v,t 



= A {v,t) 

= g £ {d v A 1 (v + g(v,T),T)) 

= g e (d v A 2 (v,T)) 

= Qe (d v [d v A 2 (v, r)g(v, r)]) 

= Q E {d v [A 2 (v + g(v,T),T) - d v A 2 {v,T)g(v 1 T) ~ A 2 (v,t)}) 
= g s (9v[A 3 (v + g(v,r),T)]) 

= j(d v f 1 ) (v,t)-J(0) (v,t). 



(234) 
(235) 
(236) 
(237) 
(238) 
(239) 

(240) 



Let us point out that the sum of the first six terms is J~(Q). We bound each term. For the second to the 
fifth terms, we follow the proof of Lemma 17.51 where the functions A\, A 2 and A% have been bounded. 
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To bound (|234|) . it is enough to recall that, by (|186l) . D\ G £o, P2 , K i,er C £2r+i-i/0,pa,Ri,o-) 

IPillar+i-i, „ < Pi||o,«r< A>| e " +1 . 



to obtain 



To bound (|235[) . we apply the bound of A\ obtained in (|179|) and use r > 1 to see that D2 G £r+i,CT C 
£-2r+\-x/p,o an d 

p2|| 2r+ i_i i<r < IPallr+v < A|^|e" +1 . 
Since (^2) = 0, we can define a function A 2 such that d T A 2 = A2 and (A2) = 0. Moreover, one can write 

d 3 = g e (d v A 2 ) = g e {d 2 TV A 2 ) 

= eG £ (C e (d v A 2 ))-eg s (d*A 2 ). 

Then, using the definition of g e in f| 1 75[) and applying Lemma l7.3l one can see that there exists a function 
£3 G £o,a C £^+1-1/0,0-1 which satisfies, 

\\M2r + l-^<K\\UWu<K\^ + \ 

such that 

D 3 -ed v A 2 -^ <K\^+ 2 . 

2r+2,a 

Moreover, recalling the definition of A2 in (|160[) and defining functions aki such that 

d T a kl = and (a kl ) = (241) 

we have that 

d v A 2 (v,r) = -fj, a k i(r)d v (q Q (v) k p {v) 1 ) . 

2<k+l<N 

Then, recalling the definition of the functions Qj and Fj in ((75|) and (|5D|) and the constant C+ in (flU]) . 

<9„^2 satisfies 

-r;+l \ 



2r^+ 1 C^F (r) 
££?„A 2 (v, r) = — ; . N o_ , , hO 



Therefore, there exists £3 G £2r+i-i/p,p2,m,<T satisfying 
such that 

2r M£ "+ 1 C^Fo(r) 
^Kt) 7- — . V2r , 1 6Kt) 



(« — ia) 



< K\ l i\e ,,+2 . 



2r+2,<r 



To bound (|237p . we first subtract its averaged term. Then, using Lemma l7.6l to bound g and d v g, Lemma 
17.181 to bound the first and second derivatives of A2 and Lemma 17.31 we obtain 

\\D A - g e (d v (d v A 2 ■ g))\\ 2r+2 , a < V'+ 2 . 

On the other hand, using the definition of g e in (|175[) 

g e (d v (d v A 2 ■ g)) (v) = (d v A 2 ■ g)(v) - (d v A 2 ■ g)(- P [). 

To obtain its leading term, first we look for the first order of the function g given in (|180[) . Using the 
definition of B\ in (|15ip . the functions (|24ip . the bounds of d v B\ in (|1 58[) and Lemma [T751 we have that 



g(v,r)- fie 



E 

2 <k+l<N 
l>\ 



la k i {T)qo(v) k p (v) 



1-2 



(242) 



l,cr 



S3 



Then, using the functions Qj and Fj defined in ([79)) and (|8T)|) respectively, and taking into account the 
definition of A2 in f|160[) . there exists a function £4 <= Szr+i—i/ p,pa,Ki,o satisfying 



such that 



Q e (d v (d v A 2 ■g)) = _ , + U(u, t). 



(v — ia) 



Therefore, one can see that 



2r^+ 1 Cl(Q F 1 ) 
D *( v > r ) ~ _ J^+i ^( U ' T ) 



(v — ia) 



2r+2,<r 



For (|238p . it is enough to apply Lemmas 17.31 and 17.61 the definition of A2 and the mean value theorem, 
to obtain 

||A>|k+2,a < K\fx\ 3 S ^ +2 . 

To bound (|239[) . let us recall the definitions of A3 and H 2 in (|16ip and ((32]) • Then, it is enough to apply 
Lemma l7.3l to obtain 

P6|| 2r+ i_ < ||A>lka < K\ii\e*>+\ 

Finally, for (|240[) . it is enough to take into account the definitions of J and T in (|187[) and (|165[) and 
apply Lemmas 17.31 17.51 and 17.81 which give, 



J (d v Ti) - J (0) 



< T ( d v T\ ) — J 7 (0) 

B-d^ + C (dy f^v,^ -C(0,v,t) 
< K\^\ 2 e 2 ^ +2 . 



2r+l,<7 



< 

Considering all the bounds of Di , we define 

£(tt, r) = Di(«, t) + D a («, r) + r) + r) + D 6 («, r) 
Then, £ e ^2r+i-i/i9 ct satisfying 



2r+2,cr 



and then we have 



2rne r i +1 Cl 



*vTi{v,t) - " . + (F (t) + ^(QoF!}) - £(u,t) 
[v — ia) zr+L 



< K\a\e ri+2 . 



(243) 



2i-+2,cr 



To finish the proof of Proposition l7.23[ one has to consider the change of variables v = u + h(u, r) defined 
in Lemma 17.61 to obtain 



$,2i(u,t) = (l + a u /i(u,r))- 1 ^f 1 (u + / l (w,r),r). 
Then, the bounds of h and d u h in Lemma 17751 and (|243[) . finish the proof of the proposition. 



□ 



8 Approximation of the invariant manifolds in the inner do- 
mains. 

8.1 Case £ < 2r : proof of Proposition 14.11)1 

We prove the results stated in Proposition ^. lOl conccrning the unstable manifold. The proof of the results 
concerning the stable one follows the same lines. To obtain the bound of 9„T"(u, r) — d u 7~Q , (u,T), we 
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first bound <9„T"(v, r) — d v T^(v, r) where T" is the function obtained in Theorems 14.41 and 14.81 which is 
defined for (w,r) € -D" 3 ^ x T„, and T U is the function defined in ((63|) . Then, we will use the change of 
variables v = u + h(u,r) defined in Lemma 17.61 to obtain the bound stated in Proposition 14. 1 Jl 

Let us define first v$ and V4 the leftmost and rightmost vertices of the inner domain D™^ u (see 
Figure [5]). Then, we can define the operator 

g £ (h)(v,r)=Y / Ge(h) [k] (v)e^, (244) 

fcez 

where its Fourier coefficients are given by 



G E (h)W{v)= e lk£ ~ 1(t ~^h^(j:)dt forfc>0 

g e (h)®(v) = f hM(t)dt 

g c (h)W(v)= [ e lk£ ~ 1{t - v) h^{t)dt forfc<0. 



It can be easily seen that this operator satisfies analogous properties to the ones satisfied by the operator 
Q £ defined in (|175[) . which arc given in Lemma 17.31 Let us consider also the Fourier expansions 



hi(v,r) =#!(«>(«), **>(«), t) =Y,H[ k] (v)e ikr and A(v, r) = A(v + g(v, r), r) = ]T A™ (v)e lk \ 



where H\ is the function defined in Q and (]TTJ|) . A is the function defined in f)l 50[) and g has been given 
in Lemma 17.61 

First, we observe that, since d v Ti = J{d v T 1 ) 1 where the operator J is defined in (|187[) . 

4 

d v T 1 (v,T) = g e (d v A)(v,r) + Y,Ni(v,T) 

i=i 

with: 

iVi(«,r) =A (v,t) (245) 
N 2 (v, r) =J (d v f^j (v, t)~J (0) (v, t). (246) 

N 3 (v,T)=-g e (d v A)(v,r)+g £ (d v A)(v,T) (247) 
N a (v,t) =§ e (d v A){v,T)-g E (d v A)(v,T). (248) 

Second we split d v T^ as: 

d v To = -y^Q B {d v hi){v,T) ~ N 5 , 

where 

e ike-\t-v)Q vH W^ dt 

e lke ~ 1{t - v) d v H lk] (t)dt. (249) 

Finally, we use the definition of A in (|150|) and Hi in (|40p . and the fact that, as the periodic orbit 
does not depend on u, 

d v (V(x p (r) ) + Hi (x p (r), y p (r), r)) = 

to obtain 
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Q e {d v A){v,T) + pb£ n G e {d v hi){v,T) = - v p {t)pq{u) + x p (t)p (u) 

+ N 6 + N 7 + N 8 



with 



iV 6 = -fie v Q e d v \Hi(qo(v) + x p (r),p (v) + y P {r),r) - Hi(q (v),p (v),T) 

N 7 = -g.d v (y(qo(u)+x p (T))-V(q (u))-V'(q (u))x P (r)) 

N R = g e d v (-V'{q (u))x p (T) + V'{x p (T))q (u) 

+p,e v {qo(u)d x Hi{x p {T),y p {T),T) + p (u)d y Hx(x p (T),y p (r),T)) ) 
+y P (T)po(u) - x p (t)po(u). 

8 

d v Ti(v,r) - d v T Q u = -y P (T)p (u) + x p (t)p (u) + y]Nj(v,T). 

i=i 

Now, we proceed to bound Ni, . . . , N&. 

To bound N\ in f|245[) . it is enough to recall that, by (|186[) . N\ € fo,pi,«^,<r and 



(250) 
(251) 



(252) 
(253) 



(254) 



Finally we obtain: 



|JVillo,«r<Jr| 



_i?+l 



For N2 in (|246|) . it is enough to consider the bound of d v Ti given in Proposition 17.41 and the Lipschitz 
constant of the operator J in (|187[) restricted to the ball B(\fi\e v+1 ) C £t+i,pi llK > a , which has been 
obtained in the proof of Lemma 17.81 Then, 



£ -(A+i) 

\\N 2 \\o,a <K TT ^\\N 2 \\ t+1 , a 
\ K o) 

< ^|^| e -(^+l)+?j+l-niax{0/-2r+l} 
< ^|^|2 e 2r ) -£+l-max{0,<'-2r+l} 

To bound N 3 in ([247| we observe that (7V 3 ) = and 



d v T x 



e+i,<r 



'"^-^ (a„A[ fe l) (t) dt 

1{t - Vi) (a„l [fel ) (t) dt 



for k > 



for fc < 0. 



Taking into account that the operator Q e satisfies also the properties of the operator Q e given in Lemma 
17.31 and using the bounds of g and d v A given in Lemmas 17.61 and 17.51 respectively, we obtain the following 
bounds. For k 7^ 0, 



N. 



G e (d v A^(v)e 



ikr 



< 

<Ke d v A^{v)e ikT 



O.tT 



d v A.W(v)e lkT 
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For k = 0, we have that 



I AT. 



[0] .I 

3 I|0,<t 



< K 



2[o] 



< Ke~ 



0.<r 

A® 



<K\»\e 



Finally, note that in the case I = 0, we have that the change g obtained in Lemma 17.61 satisfies g = 0. 
Then A = A, which implies (A) = 0. Therefore when I — we have that -/v|°' = 0. Taking this fact into 
account, we can bound N% by 

\\N 3 \\ ,*< K\n\e^ t+v Z, 

where 

£(1-7) if£>0 
1-7 if£ = 0. 

For A^4 in (|248p . one has to consider the bound of d v A given in Lemma [7751 and the bound of g restricted 
to the inner domain given in Corollary 17. 71 Then, using again the bounds analogous to the ones given in 
Lemma 17.31 but to the operator Q £ 

WW* < K\\A-A\\ Q , a < K\\d v A\\^\\9\W* < K\^\ 2 e 2 ^+^ 



with v\ is defined in Corollary 17.71 

For N$ in (|249[) . it is enough to take into account that (hi) = 0, that hi has a ramified point of order 
£ at u — ia and that both ^3 and i>4 satisfy — ia\ = O (e 7 ), i = 3,4. Then, bounding the integrals as 
in Lemma 16.21 and 16.81 one has that 

||JV 6 ||o,«r < KW+^hiW^ < K\fi\e" +1 -^ +1 \ 

To bound in (|252[) we first use the mean value theorem to obtain 

\\Hi(q (v) + x p (t), Po (v) + y P (r),r) - Hi(q (v), Po (v), t)\\ c < \v\e v ~ e+r ■ 

Then, using that Q £ has similar properties to the ones given in Lemma 17.31 for the operator Q e we obtain 

||JVa||o,^ < K\rfs 2 ^ +r . 

The bound for Nj in (|253[) comes from applying the mean bound theorem to the function 

V(q (u) + x p (r)) - V(q Q (u)) - V {q (u))x p (r) 

and using that V"(qo(u)) has a pole of second order, the bound of the periodic orbit and the properties 
of Q £ . Then, we obtain 

IIJVVHo.or < K\\V(q (u) + x p (r)) - V(q (u)) - V (q (u))x p (r)\\ Q ^ < K\^ = K\^\ 2 s^+^\ 



To bound N% in (]254[) . we write it as 

iV 8 = G e (3 V N°) + y p (T) Po (u) - x p (t)p q (u) 

with 

N°(v,t) = - V'(q (u))x p (T) + V'(x p (T))q Q (u) 

+ ^ (qa(u)d x H 1 (x p (T) 1 y p (T),T) + p a (u)d y Hi(x p (T), y p (r), r)) . 

Using that —V'(qo(u)) = Po(u), qo(u) = Po(u) and that the periodic orbit satisfies equations (l37l) . one 
has 

N^(v,t) =pq(u)x p (t) - e~ 1 d T y p (T)q (u) - po(u)y p (T) + e~ 1 d T x p (T)p (u) 
= - £e(y P (T)qo(u)) + C £ (x p (t)p q (u)). 
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Therefore Nx can be written as 



^8 =G e d v £e {-y P {r)q Q {u) + x p (t)p (u)) 
+ y P { T )Po( u ) - x p (t)p (u) 
=G e £ £ (-y P {T)po(u) + x p (t)po(u)) 
- hy P ( T )Pa{ u ) + x p {t)Po(u)). 

Then, using that Q £ satisfies an analogous property to the one given for Q e in the last item of Lemma l7.3l 
Now, choosing 7 such that 



that is, 



l-(r + l) 7 > 

t+l 

7 < — T 
r + 1 



and considering all the bounds of Ni and taking 

v* = min{^2,^i*, 1 - max{0,^- 2r + 1}, r, £, £ + 1 - (r + 1)7} . 

we obtain 



9„Ti(u,t) - d v To(v,r] 



rj-i+u* 



To finish the proof of Proposition 14.101 it is enough to consider the change of variables v = u + h(u, r) 
defined in Lemma 17.61 and its bounds restricted to the inner domains given in Corollary 17.71 



8.2 Case t > 2r: proof of Theorem I4JU1 

This section is devoted to obtain good approximations of the invariant manifolds in the inner domains 
defined in (|36|) for the case £ > 2r. 

First in Section 18.2.11 we define the Banach spaces that will be used in the forthcoming sections and 
we state some technical lemmas. In Section [8.2. 21 we prove Theorem 14. 161 



8.2.1 Banach spaces and technical lemmas 

We start by defining some norms. Given v <G K and an analytic function h : T>™^> u — > C, where V™'+> u 
is the domain defined in (|36[) . we consider 

IHkre.c = sup \z"h( z )\ ■ 

Then, for analytic functions h : r D 1 ^+' u x T ff — > C which are 27r-periodic in r, we define the corresponding 
Fourier norm 

\\h\\ v , K , c , a = Y d \\h [k] \W,ce Wa 

fcez 

and the function space 

Zv,k,c,* = {h : '1^-'" xT^C; analytic, ||ft|k«, c ,a < 00} (255) 

which can be checked that is a Banach space for any vei 

If there is no danger of confusion about the definition domain T>™^> u we will denote 

II ' Ikcr = II ' lk«)C,(T and %v,a = Z VKCa . 
The next lemma gives some properties of these Banach spaces. 



Lemma 8.1. Let c, k > 0. 

1- Ifv\<V2, Z V2>a c Z Uli<T . Moreover, 

\\h\\ U2>a < -JL-H&II^. 

2. If h G Z Vl<a and g G 2^ 2 (T7 £/ien /ig € Z^+^ o- and 

INII 1^1 + 1/2,0' — ll' l ll^l,a'||ff||^2,o"- 

3. Let h G Z v _ K ^ CtC , andc< c, then, d x h € AV^k.c.ct a^d 

A" 

\\dxh\\v,2n,C,<7 ^ ||^||lAK,C,(7- 

Throughout this section we are going to solve equations of the form Ch = g and Ch = d z g, where 

C = d z + d T . (256) 

To solve these equations we consider operators Q and Q, which arc defined "acting on the Fourier coeffi- 
cients" . 









\ "T)in, + ,« 




■j+.u \ 

x c,c 



















Figure 11: The inner domain T>™^ ,u defined in ([70)) and the transition domain XJi" defined in (|260p . 

Let us consider z\ and z^ the vertices of the inner domain T)™-^ 11 (see Figure [TTj) . As we have done 
in Section [7.2.21 to invert the operator C e = e~ 1 d T + d v , we invert C integrating from z\ or Z2 depending 
on the harmonic. 

We define the operators 

g(h)(z,T)=Y,G(h) lk] (zy kT , (257) 

fcez 

where the Fourier coefficients are given by 



G{h) [k] (z) = / e- lk(z - s) h^(s)ds 
Jzi 

G{h) [k] (z) = f e- lk{z - s) h^{s)ds 



for k < 
for k > 
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and 

g(h)(z,r)=Y J Q(h) [k] (z)e*\ (258) 
where its Fourier coefficients are given by 

g{hf\z) = h^{z)-e- lk{ - z - Zl) h^ k \ Zl )^ik f e- lkiz ~^h^{s)ds for/c<0 

g(hf\z) = h^(z)-h^{z 2 ) 

G{hf\z) = h lk] {z) - e" lk(z - z ^h^ k \z 2 )~ik [ e- iKz - s) hW(s)ds for k > 0. 



The next lemma gives some properties of these operators. Its proof is analogous to the one of Lemma 
5.5 in jGOSlOj . 

Lemma 8.2. Let k, c, v > and 7 G (0, 1). Then, 

1. The operator Q : Z„ + i. CT — > Z Via is well defined. Moreover, if h G Z u +x,<r> 

\\G(h)\\v, a < K\\h\\ v+1 , a . 

2. The operator Q : Z VM — > Z v „ is well defined. Moreover, if h G Z v ^, 

\\Qm v , a <^- x \\h\\ v , a . 

3. The operator Q : Z v ^ — > Z v ^ a is well defined. Moreover, if h G Z v ^, 

\\G(h)\\ ua <K\\h\U a . 

8.2.2 Proof of Theorem HH6] 

We rewrite Theorem 14.161 in terms of the Banach space (j255[) . 
Proposition 8.3. Let 7 G (0,72), where 

ff(l-2r + l) 

72 = fl*-2r + l) + l ' (2M) 

ci > 0, £0 > small enough and kq > max{ft3,fi5} Dig enough, where K5 are t/ie constants defined in 
Theorems \4-S\ and \4.1^\ respectively. Let, 

v = r- c > 

where ip u is the function in §S7^ and ?/>o is ifte function obtained in Theorem \4-12\ Then, for e £ (0,£o), 
we have ip G -Z 2r __^ Kg Ci CT and £/iere exists a constant bio > such that 

R<£|| 2r _i iK6iCliCT < &io£^, 
where r = a/0 has been defined in (|13|) . 

Remark 8.4. We emphasize that Provosition \ 8.S\ imvlies straightforwardly Theorem \4-16\ Indeed, we 
observe that the only restriction is about the range of values 0/7 G (0,72). Let us denote by the inner 
domain defined by 7. 7t zs dear that, j/7 > 72 > 7i, i/ierc C -D™ and henceforth the result holds also 
for values of 7 > 72 . 

We need to impose this condition about 7 just for technical reasons. 
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In the proof of this proposition we will refer several times to the bounds given in Theorem 14.121 In 
fact, we need these bounds expressed in terms of the Fourier norm, which are given in Proposition 4.8 of 
|Bal06] , instead of the ones given in this theorem, which use the classical supremmum norm. 

Let us point out that using the bounds of Proposition 4.8 of |Bal06| and Corollary 17.221 leads to a 
bound of d z p of order 1 with respect to e. Nevertheless, this bound is too rough to prove later the 
asymptotic formula for the splitting of scparatrices and therefore we will need the improved estimates 
given in Proposition 18. 31 

The proof of Proposition 18.31 goes as follows. First in Section 18.2.21 we obtain a (non-homogeneous) 
linear partial differential equation satisfied by p — ip — i/'o- Then, in Scction f8.2.21 we obtain quantitative 
estimates of d z p> in the transition domain I^t? defined as 

I^ = {z £ C; M + a € D™% n n,"y"} , (260) 

where * = u, s (see Figure fTTj) . which allow us to obtain an integral equation satisfied by d z p. Finally, in 
Sections 18.2.21 and 18.2.21 we obtain the improved bound for d z p for the cases I — 2r > and I — 2r = 
respectively, proving Proposition 18. 31 



The Hamilton-Jacobi equation First we look for the equation satisfied by 

tp = if>- VA). (261) 
Subtracting the Hamilton-Jacobi equations (jSHJ) and (jTTj) . one obtains 

d T (p + H(d z ip + d z ip,z,T) -Ho{d z ip ,z,T) = 0. 
Taking into account that we already know the existence of tp, we know that it is also solution of 

£p = W(d,tp,z,r), (262) 
where C is the operator defined in (|256p and 

W(w, z, t) = -L(z, t) - (q^JL; + M(z, T )j w, (263) 

where Qi is the function defined in ([79"]) and 

L(z, t) = H(d z iPo, z, t) - n Q (d^ , z, t) (264) 

M(z,t)= / d w U(d z Mz,T) + sdMz,r),z,T)ds-l-Q 1 {T)-^-, (265) 
Jo z 

where H and Ho are the Hamiltonians defined in (|69p and ([7^)1 respectively. Even if M depends on p, 
since its existence is already known, M can be seen as a function depending on the variables z and r, 
and then equation (|262p can be seen as a linear equation. This fact simplifies considerably the obtention 
of the estimates for p. 

Let us point out that the term /tQi(r)z _ ' £_2r ) in (|263[) behaves in a completely different way in the 
cases i — 2r > and £ — 2r = 0, since in the first case is small for z 6 ©Jf^ 1 "'" and in the second is not. 
For this reason, we split the proof of Proposition 18.31 into these two cases. 

Finally in this section, we state the following lemma, which gives some properties of the functions 



involved in equation (|262l) . 

Lemma 8.5. Let n > k§ and c > 0. The functions L and M defined in (|264j) and (|265[) respectively, 
satisfy the following properties. 



1. L G Z<i T _±. K c a and satisfies 



\L\\2r-^ K ,o,a< K ^' 
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2. M S 2o )K)CjCT and satisfies 

\\M\\o, K ,c,, < 



2r+l ' 

Proof. We prove the lemma in the polynomial case. The trigonometric case can be done analogously 
taking into account Remark 14.141 

First we bound L. Using the definitions of W, H, H and Ho in (j69|) . (|46|) . ((39|) and ([74]) respectively, 
we split it as L = L% + L% + L 3 + £4 with 

.1 ( ^ 

2 Ve 2r pg(ia + ez) 



e 2r 

L 2 {z, t) =-^j T (V(q (ia + ez) + x p {t)) - V (x p (t)) - V' (x p (f)) q (ia + ez)) 
1 



2z 2r 

a £ 
lip 

L3(z,t) =^jT H i (qo{ia + ez),Cle~ 2r d z ip (z,T) 7 T) 

J2 a k i(T)—^—j:(z 2r d z M^r)) 1 

(r-l)k+rl=£ 1 ' 

L 4 (z,t) = c2 H 2 (q {ia + ez),C\e 2r d z ip (z,T)) . 

Taking into account the properties of po (it) in (fT5|) and Theorem 14.121 one can see that 

\\Li\\ 2r - h ^ a < Ke^. 

For L2 one has to take into account that V(qo(u)) = — pg(u)/2, use (fTBj) and the bound of x p (r) in 
Proposition 15.51 Then, one obtains 

\\L\\ 2r _ hK , c , a < Keh 

To bound the third term, using the definition of Hi in (|41j) and also (|13D , one can rewrite it as 
L 3 (z, r) =»e^-^ ««(r)^ + O {-^ ) " (z^) 1 

(r- l)k+H=£ 1 ' 

Then, it is easy to see that L 3 e 2 e _^ K c a C -Z 2r __^ K;Ccr and 

\\L 3 \\ 2r _ h ^ a <K\\L 3 \\^ hK ^<Ke?. 

The bound of L4 is straightforward. 

For the bound of M , we split it as M = Mi + M 2 + M 3 with 

M 1 (z,t) = d w H (d z iP ,z,T) - Qi(r)^: - 1 

M 2 (z,t)= / (d w H (d z tl> + sd z (p, z,t) - d w H {d z ip , z,t)) ds 
Jo 

M 3 (z, t) = / (d w H (d z ip + sd z (f, z, t) - d w H {d z tp + sd z ip, z, r)) ds 
Jo 
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and we bound each term. 

Taking into account the definitions of Ho and Qj in ((74)) and (|79|) respectively, and the properties of 
tpo given by Theorem 14. 12[ one can see that M\ £ Zi-2r+i,K,c,a and || M\ ||f_2 r +i, K ,c,a < K, which implies 

||Ml|| 0l «,ca < 



.e-2r+l 



For the second term, let us recall that, using the definition of To in (f57|). by Theorems 14.41 fsee also Section 
17.2.5)) and 14.121 we have an a priori estimate for d z tp, 

\\d z f\\l + l^, c ,a < K. 

Then, it is enough to apply again the mean value theorem and the bounds of ipo in Theorem 14.121 to 
obtain 

K 

\\M2W,K.c.ty < t-2r+l ' 

For M3, it is enough to proceed as in the bound for L to obtain 

||M3||o,«,c,<r <Ke%. 

□ 

The initial condition in the transition domains To obtain better estimates of d z ip we use an 

integral equation. To obtain it from (|262[) we need initial conditions. Therefore, we take constants 
Ci < c' < Co an wc look for them in the transition domains 2T 1 "'"/ X T CT , defined in (|260|) (see also Figure 
Hip . In this domain, the next lemma gives sharp estimates for the function d z (p. We abuse notation and 
we use the norms defined in Section [7. 2.4[ even if here the suprema are taken in I + ' u , . 

Lemma 8.6. Lei 7 £ (0,72), where 72 is defined in (|259p . and eo > small enough. Then, fore £ (0,£o); 
the function d z tp restricted to I +,u , satisfies 

ll^llo, CT <^ (1 - 7)+ *. 

Proof. Considering the functions T = Tq + T\, obtained in Proposition 17.41 (see also Section 17.2.51) . and 

■4>o(z,t) = - _ \ z 2r-i + A^o(^. t) + K, 

obtained in Theorem 14. 12[ and recalling that 3 u Tq{u) = Pq(u), we split d z <p as 
<9 z </?(z, t) =d z ip(z, t) - d z ip (z, t) 

=e 2r C\ (d u T(ez + ia, r) - d u T (ez + ia) 



+ (s 2r C 2 +P l{ez + ia) - -^j - jld z ip (z,T). 



We bound each term. For the first term it is enough to apply the result obtained in Proposition 17.41 to 
obtain 



r C\ (d u T(ez + ia, r) - d u T (ez + to)) 



O.cr _ 



Then, since 7 £ (0, 72), (£ + 1)(1 — 7) > 2r(l — 7) + ^, we obtain the desired bound. For the second term 
we use (TT5|) . Finally, the bound of the third term is a direct consequence of Proposition 4.8 of |Bal06j . 
This proposition states the same results of Theorem l4.12l but bounds ip (z, r) using Fourier norms instead 
of using classical supremum norm. □ 
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The fixed point equation for i — 2r > In this section wc prove Proposition ^ .31 under the hypothesis 
I — 2r > 0. Let us define <f> = d z ip, which, using (|262|) . is solution of 



(£<f>)(z,T)=d z \W{<f>(z t T),Z,T)] 



(266) 



where C = d T + d z and W is the operator defined in (|263[) . We use this equation to obtain bounds for <j>. 

To invert the operator C = d T + d z , wc consider the operator Q defined in (|258|) . Since the operator 
Q is defined acting on the Fourier harmonics, we impose a different initial condition for each one. Recall 
that for the negative harmonics we integrate from z% € D™, co an d f° r the positive and zero harmonics 

from z 2 <G £>"/' + c (see Figure [TT|l for a fixed k' 5 > K5. Then, we define the function 



W (z,t) = Y,d z <pW(z 1 )e- ik (*-^e ikT + ]Td 2 ^ fe ](z 2 ) f 



—%k{z—z^)%k,T 



(267) 



k<0 



fe>0 



where d z ip is the function bounded in Lemma l8.6l The next lemma, whose proof is straightforward, gives 
some properties of this function. 



Lemma 8.7. The function Wo defined in (|267p satisfies: 

1. CWq = 0, where C = d T + d z . 

2. W G Z 2r _i a and 

||W || 2r _X i(7 <^. 

Then, the function is a solution of the integral equation 

<t> = Wo + GoW{4>). 

We use a fixed point argument to obtain good estimates of 4>. We study <f> G Z 2r _^ a as a fixed point of 
the operator 



W = Wo + GoW. 



(268) 



Lemma 8.8. Let 7 G (0, 72), £0 small enough and k' 5 > K5 big enough. Then, for e G (0, Eq), the operator 
VV is contractive from Z 2r _i a to itself. 

Then, there exists a constant bio > such that <f>, the unique fixed point of W, satisfies 



l2r- 4,<r 



< b 10 e?. 



Proof. W sends Z 2r _ 1 a to itself. To see that W is contractive from Z 2r _ 1 



to itself, let us consider 



G Z. 



2r- 



Then, applying Lemmas 18.21 and 18.51 and the definition of W in (]263f) . and increasing 



Kg > if necessary. 

]W(<h) - W(0i)|| ar _i < K \\W{fa) - W(0i)|| 2r _ 1 

/' 



< K 



< 



Qi(t)- 



-2r 



M(Z,T 



K 



KY~ 2r 



9 Hl2r 



< 5 



Then W is contractive from Z. 



2r -jj a to itself, and then it has a unique fixed point 
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To obtain a bound for <fi, it is enough to take into account that ||0|| 2r _.i „ < 2||W(0)|| 2r _i a - By the 

definition of W in ([255]) . we have that W(0) = Wo + </(£)• Then, applying Lemmas IO 1531 and IBlfl 
there exists a constant 610 > such that 

||W(0)|| 2r _, iCT < \\W \\ 2r _ h<7 + \\G(L)\\ 2r _ h „ < b fe?. 

Let us point out that since the fixed point of W is unique in Z 2r _ 1 a , the obtained function <f> must 
coincide with (j> = ip u — ipff , where ip u is the function defined in ((67)) and tpQ is the one given in Theorem 

Km □ 



The fixed point equation for I — 2r = We devote this section to prove Proposition 18.31 under the 
hypothesis I - 2r = 0. Now, the term [i,Qx(r)z~^~' lr ^ = fiQi{r) in W (sec (J2SD) is not small. Then, 
following |Bal06] , the first step is to perform the change of variables 

z = x + A-Fi(r), (269) 

where F\ is the function defined in (|5U)) . Then, we define 

<p(x,T) = ip(x + [j,Fi(t),t) , 

which satisfies equation 

C(p = W{d x (p,x,T), (270) 

with 

W(w,x,t) =L(x + flF 1 (r),T)+M(x + p,Fi(T),r)w. (271) 

We study this equation through a fixed point argument, as we have done in Section 18.2.21 Then, we 
define <p = d x (p, which is a solution of 

c$=d x [w(dJ,x, T ) . 

Let us take c ' £ (c ,co) and Kg > K5. Then, we look for <j> defined for (x,t) £ T^^c^ x ^ cr ' 

To invert the operator C = d T + d x , we consider the operator Q defined in (|258[) and initial conditions 
as we have done in Section IS. 2. 21 Thus, we define 



W (x,t) =Y / d z ^ [k] (x 1 +fiF 1 (T))e-^ x -^e tkr 

(272) 



' e 

fc<o 



k>0 

where x\ and x 2 are the vertices of D^'^J? . Since Cq £ (c ,co), x\,x 2 £ '", and then 9 Z <^ is al- 
ready defined in xt + iiF\(r),i = 1,2 and moreover, we can use the bounds in Lemma 18.61 Then, it is 
straightforward to see that Wq satisfies the same properties as the function Wo given in Lemma 18.71 
The function is a solution of the integral equation 

We study </> £ Z 2r _ fixed point of the operator 

W = Wo + G°W. (273) 

Lemma 8.9. Let 7 £ (0,72), £0 > small enough and k'I > K5 big enough. Then, for e £ (0,£o), the 
operator W is contractive from Z 2r _i K n c « a to itself. 

Then, there exists a constant 610 > such that </>, the unique fixed point of W, satisfies 
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Proof. The proof of this lemma is completely analogous to the proof of Lemma 18.81 The only fact that 
one has to take into account is that the functions L(x + p,Fi(r), r) and M(x + fj,Fi(r), r) satisfy the same 
properties as L(z,t) and M(z, t), which are given in Lemma 18.51 □ 

To prove Proposition 18.31 for I — 2r — 0, it is enough to undo the change of variables (|269|) . Then, 
taking </>(z, r) = <t>{x — (jlF\{t), t), we recover d z ip which is defined for (z, r) <S D™^ 11 x T ff , where c\ < Cq 
and kq > Kg. 



9 An injective solution of the partial differential equation £ £ £ = 



In this section we prove the existence and provide useful properties of a solution £o of the equation 
£U = (sec flS3])) of the form 

£o(u, t) = e~ x u - t + C(u, t). 

The function C must satisfy 

C £ C(u,t) = F(C){u,t), (274) 

where C £ is the operator in (15T1) . 

F(C)(u, t) = -£- 1 G(u, r) - G(u, r)d u C(u, r) (275) 

and G is the function defined in (|85p (case I — 2r < 0) and (| 1 03[) (case I — 2r > 0). We devote the rest 
of the section to obtain a solution of this equation in both cases. 



9.1 Banach spaces and technical lemmas 

This section is devoted to define the Banach spaces and to state some technical lemmas which will be 
used in Sections 19.21 and 19.31 

We start by defining some norms. Given v > and an analytic function h : R K _d — > C, where R K ^d is 
the domain defined in ([33)l. we consider 

\\h\\v,K..d= sup {u 2 + a 2 )" h(u) 

IH|in, K ,d — sup | ln~ 1 \u 2 + a 2 \ ■ h(u)\ 



Moreover for 27r-periodic in r, analytic functions h : R K .d x T 
Fourier norms 



\\h\\„ tK , dt( , = J2\\h [k] 
fcez 

|/l||ln )KACT = Yl \\ hlk] 



1-1 



,\k\" 



we consider the corresponding 



We consider, thus, the following function spaces 

Xv,K,d,o = {h ■■ R K ,d xT„^C; real-analytic, H^H^^d.er < °°} 
Xin, K ,d,a = {h : R K ,d x T a -> C; real-analytic, ||/i||i n ,«,d, CT < oo}, 

which can be checked that are a Banach spaces. 

If there is no danger of confusion about the definition domain R Kt d we will denote 



(276) 



\V.K,d.(7 



and X,, 



**V.K,d,(T • 



In the next lemma, we state some properties of these Banach spaces. 
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Lemma 9.1. The following statements hold: 

1- If v\ >V2> 0, X Vl!tT C X U2 ,a an d moreover if h G X Vl ,a, 

\\h\\„ 2i<T < K(K£) V *- V i\\h\\ vua . 

If < V\ < i/2, Xv-l,ct C Af^^ and moreover if h £ X Uli<T , 

\\h\\u 2 ,a < K\\h\\ vua - 
3. If h G A'l/i.o- € Xv 2 ,cr, then hg G X Vl+V2M and 

II HI 

4- Let d > df > be such that d— dl has a positive lower bound independent of e, and h G X v ,n.d,<j- 
Then, d u h G X v ^K,d',a and satisfies 

K 

\\duh\\ Vt 2K,d>,<T < —\\h\\ v>K „d tCT . 

Throughout this section we are going to solve equations of the form C e h = g, where C e is the operator 
defined in (|51[) . To hnd a right-inverse of this operator in R Ky a let us consider u\ = i(a — ns) and uq the 
left endpoint of R K> d n E. Then, we define the operator Q e as 

g E {h){u,r) = Y.^{h) [k] {uV k \ (277) 
where its Fourier coefficients are given by 

/u 
e ike ~ 1( - v -^h [k] (v)dv iffc<0 
-Ul 

Ge(h) l " ] (u) = f hP\v)dv 
Juo 

/■Ul 

G e (h) W («) = - / e ik£ {v ~ u) h^ (v)dv if k > 0, 



where we make the integrals along any path contained in R K ^d- 

Let us point that we will apply this operator to functions defined in R K ^d x T CT with different values 
of k and d and then the definition of Q e depends on the domain. 

Lemma 9.2. The operator Q s in (|277p satisfies the following properties. 

1. If h G X v ^ a for some v > 0, then Q e (K) G X v ^ a and 

\\Ge(h)\\ v>a < K\\h\\ v , a . 

Furthermore, if (h) = 0. 

\\Ge(h)\\^<Ke\\h\\^. 

2. If h G A"„ :(T for some v > 1, i/ien G £ (h) G X v -i^„ and 

\\Ge{h)\\ v _ lj(T <K\\h\\ v , a . 

3. If h G A^.ct /or some G (0, 1), i/ien G e (h) G ^o.^ and 

||ft(ft)|| ,a < ^INU- 
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4- If h G X\ , a , then Q e {h) G Xi n ,o- and 

\\S e (h)\\^ a < K\\h\\ 1><T . 

5. If h G X v ^ a for some v > 0, then G e (d u h) G X v ,a and 

\\5s(duh)t ir7 < K\\h\U a . 

6. If h G A^er /or some ^ > ; then d u Q e (h) G and 

7. If h E X v ,o for some v > 0, C e a G e (h) = h and 

G £ o C e (h)(v,T) = &(v, r ) - ^ e ifee_1 (- Ul - u )ft[ fc l(-ui) - /i [0] K) - e lke ~ 1[ui ~ u) h [k] {u 1 ). 

k<0 k>0 

Proof. The first four statements are straightforward. For the fifth one, one has to integrate by parts and 
for the sixth one has to apply Leibnitz rule. □ 

9.2 Case t < 2r: proof of Theorem 14.171 and Proposition 14.181 
9.2.1 Proof of Theorem HUT] 

Theorem 14.171 is a straightforward consequence of the following proposition. 



Proposition 9.3. Let d 2 > and «3 > be defined in Theorem \4-8\ d% < d2, So > small enough and 
Kj > K3 big enough, which might depend on the previous constants. Then, for e G (0,£o) and any k > k-? 
such that sk < a, there exists a function C : R K .d 3 xT„->C that satisfies equation (|274p . 
Moreover, 

(£o(u,t),t) = {e~ x u- t + C{u,t),t) 
is injective and there exists a constant b\\ > independent of e, [i and k such that 



|C|| 0iCT <6n|M|e" 
lo,<r 



To prove this proposition, first we split G into several terms. Recall that, since £ — 2r < 0, the 
perturbation Hi in (|4H| is a polynomial of degree one in p. Then, G can be split as G = G\ + G2 + G3 
with 

G 1 (w ! r)=M£ ,7 PoW- 1 5 ?) ff 1 1 (goW,Po(u),r) (278) 
G 2 (n,r) = ^ +1 p Q {u)- x d p Hl (q (u), Po (u),r) (279) 
d u T((u, T) + d u T ?(u,r) 
2p 2 (u) 

The next lemma gives several properties of these functions. 



G 3 (u,r) = —273 . (280) 



Lemma 9.4. Let us consider any k > K3 and d < d 2 , where K3 and d 2 are i/ie constants given in Theorem 
4-8\ Then, the functions G\, G 2 and G3 defined in (|278p , (|279p and (|280p respectively, have the following 
properties. 

1. G\ G <%o jCr and it satisfies (Gi) = and 

||Gi|| 0ia < JTMe" 
II^G f ilL^- 2r+ i,o} )( r<^lMk 7? - 
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2. G<z € Xq a and it satisfies 

||G 2 || , CT < AW' +1 - 

5. G3 € ^max{f-2r+i,o},CT arl( ^ it satisfies 

\\G,\\ m ^-2r +m . a <KW' +l - 

Proof. The proof of the statements about G\ and G2 are straightforward, using the bounds obtained in 
Corollary [5jni for G-2- For G3, one has to take into account the bounds for T" obtained in Proposition 17.41 
and the analogous bounds that T( satisfies. □ 

To prove Proposition 19.31 we first perform a change of variables which reduces the linear terms of 
equation (|274[) . 

Lemma 9.5. Let kj > k 3 > K3 and ^3 < dl 2 < d,2- Then, for e > small enough, there exists a function 
g which is solution of the equation 

£eg(v,r) = Gi(v, r), 
where G\ is the function defined in (|278[) . Moreover, it satisfies that 

\\g\\o, K ' 3 ,d' 2 ,a < K\fi\e v+1 , \\d v g\\ max{e -2r+ifl}, K ' 3 ,d' 2! <7 < Kl^e^ 1 

and that u = v + g(v,r) G i? K .,,d 2 for (v,t) e R K ' 3 ,d' 2 x Tr- 

Moreover, the change (u,t) = (v + g(y, t),t) is invertible and its inverse is of the form (v,t) = 
(u + /i(it, r), r). TTie function h is defined in the domain R KTt d 3 x T CT and if satisfies 

\\h\\ , K7 ,d 3 ,<r < Kl^ 1 

and that u + h(u, r) € /or (it, r) £ Rk 7 ,c1 3 x To-. 

Furthermore, we need precise bounds of both functions 5 and h restricted to the inner domain D i £?\. ,u 
defined in (|36|) . These bounds are given in next corollary, whose proof is straightforward. We abuse 
notation and we use the norms defined in Section 19.11 for functions restricted to the inner domain. 

Corollary 9.6. Let c\ > be the constant defined in Corollary \ 7. 7| and let also ci > c\. Then, the 
functions g ad h obtained in Lemma \9.5\ restricted to the inner domains -D™'^" and -D™'~J^" respectively 
satisfy the following bounds 

HsUo,^,, < K\^ v+1+{2r - eh and \\h\\ 0t ^, a < K\^ +1+ ^- e ^. 

Proof of Lemma \9.5l From Lemma |9.4[ (G\) = and then we can define a function G\ such that 

d T Gi = Gi and (Gi) = 0, (281) 

which satisfies 

||Gi|L , „ <K\ii\e* 

ll 9 " G lLax { £-2,. + l,0},4,4,^ X l^l eT '- 

g{v,T)=eG 1 (v,T)-eg e (d v G 1 ) (v,t), (283) 

where Q e is the operator defined in (|277[) adapted to the domain R K ' 3 ,d' 2 x 

Finally, applying Lemmas 19.41 and l£L2l one obtains the bounds for g and d v g. The other statements 
are straightforward. □ 



Then, we can define g as 
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We perform the change of variables u = v + g(v,r) given in Lemma 19.51 to equation (|275[) and we 
obtain 

C e C =?(C), (284) 

where C is the unknown 
and 
with 



C(v,t) =C(v + g(v,T),T) (285) 
T(h) = M(v, t) + N(v, r)d v h (286) 



M(v,t) = -e- L G(v + 9 (v,t),t) (287) 
at( \ G ( v + 9(v,t),t) - Gi(v,t) 

N(V,T) = » ; r . (288) 

l + d v g(v,r) 

Next lemma gives some properties of these functions 

Lemma 9.7. The functions M and N defined in (|287p and (|288p satisfy the following properties. 

• G e (M) G Xo, K > 3 ,d' 2 ,<T and it satisfies 

\\Qe{M)\\ Q ^ c <K\^. 

• (M) G A' max {£_2r+i : o},K^4 :C r and it satisfies 

IIWILa x{ *-2, + l,0},«^><^H^ 

• d v M G Af max ^_ 2r+ i ) o},^,^, e r and & satisfies 

II^^ILax { ^ + l I 0},4,^ lCT <^lMk' ) - 1 - 

• 7%e function M restricted to {D^+' u n ' s ) x T CT satisfies 
where 

v = min{l - max{^ - 2r + 1,0}, (2r - ^7}. (289) 

• N G A^ iax {£_ 2r+lj0 } )M ./ t( ^ )(7 and if satisfies 

||^V||max{«-2r+l,0},4,4,cr < IfMe^ 1 
ll^-^llmax{^-2r'+l,0},Ki,^,cr — ^ / • 

Proof. We split M as A/ = Mi + M 2 with 
Mi(«,T) = -e- 1 Gi(«,T) 

M 2 (v, t) = -e- 1 (Gi (v + g(v, r), r) - Gi(<u, r) + G 2 (« + s(u, r), r) +G 3 (v + g(v, t), t)) . 

Then, for the first statement it is enough to use the properties of the functions Gi, G 2 and G3 given by 
Lemma WM and apply also Lemmas 19 . 2[ 19 . 1 1 and 19.51 For the second and the third one has to apply again 
Lemmas 19.41 19.11 and 19.51 taking also into account for the second that (Mi) = 0. Besides, these lemmas, 
for the fourth statement, one has to consider also the bound of the change g in the inner domain, which 
is given in Corollarv l9.61 For the last statement, it is enough to apply again Lemmas 19.41 19. II and 19.51 □ 
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With the bounds obtained in Lemma I9~T1 we can look for a solution of equation (|284[) through a fixed 
point argument. For that purpose, we define the operator 

f = Qe o T, (290) 

where Q e and T are the operators defined in (|277[) and (|286p respectively. For convenience, we rewrite .F 

.F(/i)(u, r) = M(u, t) + d v {N(v, r)h(v, r)) - 9 u iV(u, r)/i(«, r). (291) 



as 



Lemma 9.8. Let eo > be small enough and k 3 > «3 &zg enough. Then, the operator J 7 defined in (1290[) 
is contractive from X k ^ ^ a to itself. 

Thus, it has a unique fixed point, which moreover satisfies 



C 

d v C 



0,Ko ,dL ,<y 



< K 



|/i|£ 



n-i 



Proof. To see that T is contractive, let h±, ft. 2 € <^b,«' d' ,<r- Then, recalling the definition of J 7 and J- in 
(|290p and (|291|) respectively and applying Lemmas 19 21 19.11 and 19.71 

Hh2)-Hhi) n ^ll^^-^-ft!))^^^,^!!^^^-^-^))^^^,. 

< A ' ll^llo.K^.a 11^2 - /ll|| ,4,^,a + ^ ll^llmax^r+l.O},^,* II&2 - M ,<,d 2 

II i 



Then, increasing n 3 if necessary, T is contractive from Xq >k i j( /', ct to itself and then it has a unique fixed 
point. 

To obtain a bound for the fixed point C, it is enough to recall that 



< 2 



j-(o) 



By the definition of J- in (|290p . J-(fS) = Q £ (M). Then, applying Lemma [9.71 we obtain the bound for 
C. For the bound of d v C it is enough to reduce slightly the domain and apply the fourth statement of 
Lemma l9~Tl □ 

Proof of Proposition \9.S[ To recover C from C it is enough to consider the change of variables v = u + 
h(u,r) obtained in Lemma [9.51 which is defined for (u,t) g R K7i d 3 x with K7 > k' 3 and c?3 < d 2 . 
Applying this change, one obtains C which satisfies the bounds of C and d u C stated in Proposition 19.31 
To check that (£q(u,t),t) is injective, it is enough to see that for (ui,r), (1*2, t) € R K7 _d 3 x T^, 

£~ 1*2 - r + C(m 2 , t) = - r + C(ui, r) 

implies U2 = Mi. To prove this fact, it is enough to take into account the just obtained bound of d u C, 
which gives 

\U2 - u\\ = e\C(u 2 ,r) -C(ui,t)\ 
< u 2 -ui . 

K 7 



Then, increasing kj if necessary, one can see that ui =U\. 



□ 
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9.2.2 Proof of Proposition l4~T8l 

To prove Proposition 14. 1 81 it is enough to study the first asymptotic terms of the function C obtained in 
Lemma 19.51 For that purpose, we define 



M(v, t) = M(v, t) - (M) (v) (292) 
and we split C as C = E\ + E 2 + E 3 with 

E 1 (v)=g £ ((M))(v) (293) 

E 2 (v,T)=gjM)(v, T ) (294) 



E 3 (v,t) =F{C) -^(0). (295) 

Let us point out that the sum of the first two terms corresponds to J-"(0). We study each term separately. 
We abuse notation and we use the same norms as in the previous section but now for functions defined 
in {D^nD^)xT a . 

For using the definition of Q £ in (J277J), one has that 



E 1 (v,t)= / 

J Vn 



(M)(w)dw 



and then, if we consider v\ = i(a — k' 3 s) the upper vertex of the domain R K > a ,d 3 (see Figure [3]). we can 
define 

pv 1 

C(n,e) = / (M){w)dw, (296) 

Jvo 

which by Lemmas 19.21 and 19.71 satisfies 

\\C(n,e)\\ 0ta <K\ii\e«. 

Then 

\\E 1 -C^,s)\\ 0t<7 <K\^+^-^. 
To bound E 2 defined in (|294p . we first recall that (M) = 0. Then we can define a function M such that 

d T JI = M and (M) = 0, 
which satisfies that for (v,t) e (D™>+' u n D™>+< s ) x T CT , 



where v is the constant defined in (|289[) . Then, we can write E 2 as 

E 2 = eG E o £ E (M) - eg £ (d v M) 

and therefore, by Lemma [ 



|£ 2 !l <ifW 



-V + H 



For E3 in (|295[l , it is enough to consider the bound of the Lipschitz constant of the operator T given in 
the proof of Lemma 19.81 which gives 

^3 

Thus, we have that 



< K- 



To finish the proof of Proposition 14.181 it is enough to consider the change of variables v = u + h(u,r) 
obtained in Lemma 19.51 Since h restricted to the inner domains satisfies the bounds given in Corollary 
19.61 this change of variables does not change the asymptotic first order of C. 
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9.2.3 An asymptotic formula for C(/x,e) 

When 77 = 0, the constant C(/i, e) considered in Theorem 12.41 satisfies that lim^g C(/x, e) = Co(/i) for a 
certain function Co(/Lt) analytic in fi. We devote this section to prove this fact. This proof follows the 
same lines as the one of Proposition 14.181 in Section [9.2.21 and, therefore, we only sketch it. Recall that 
throughout this section we assume rj = 0. 

We split the constant C(/x, e) as C(fi,e) = C 1 (fi,e) + C 2 (fi,e) + C 3 (/i,e) and we obtain the corre- 
sponding first orders in e, which we call Cq(/j.) for i = 1,2, 3. Then, the function Co(/i) will be given by 
Co(M) = C 1 (M) + C 2 (/i) + C 3 ( M ). 

Recall that C(/i, e) has been defined as (|296p where v is the left endpoint of -R^.^nK , i>i = i{a— n' 3 e) 
is the upper vertex of the domain R K > 3 .d 3 (see Figure [3]) and M is the function defined in (|287[) . To obtain 
the constants C { we split M as M = M 1 + M 2 + M 3 with 

M i (v,T) = -e- 1 G i (v + g(v,T),r) for i = l,2,3, (297) 

where Gi, i = 1,2,3, are the functions defined in (|278[) , (|279p and (|280|) and g is the function obtained 
in Lemma 19.51 Then, 

C i { l i,e)= f 1 (AP) (v) dv. 
Jvo 

To define Cg, we expand M 1 with respect to e. Using the formulas (|283|) for g and (|278p for G\, one 
can easily see that for (v, r) e R K > j( j 3 x T„, 



M^v.t) = -e^div^r) -d v G 1 (v, T )G 1 {v 1 T)+0 



fIS 



(v — i a )max{0,2-i/i} 



for certain j/i > 0. Recall that by Lemma T9.41 we have that (Gi) = and therefore this first term does 
not contribute to C\ (n,e). The second term, that is — d v Gi(v, t)G\{v, t), is independent of e. Moreover, 
using the properties of G\ stated in Lemma 19.41 one can see that it can be analytically extended to reach 
v = ia and that it satisfies 



-8 v G 1 (v,t)G 1 (v,t) = 
for certain v' x > 0. Therefore, one can define 



(v - j a )max{0,l-^} 



C 1 (/i) = -/ (d v G 1 (v,T)G 1 (v,r))dv, (298) 

Jvo 

which is a constant independent of e. Finally it can be easily seen that 

\C l {^e)-Cl{ l i)\ <K\(j,\e»'i (299) 

for a suitable v" > 0. 

To obtain Cg (/i), let us first point out that, following the proof of Theorem l4.11 one can see that the 
parameterization of the periodic orbit satisfies 

(x p (T),y p (r)) = (ex p (r),ey° p (r)) +0 {fie 2 ) , (300) 

where (^(t), ^(t)) is independent of e. Using this fact, one can easily deduce that the functions cm 
involved in the definition of H 2 in (|4"3")l satisfy 

c hl {T) = c H {T)+O{ue), 

for adequate functions c° ; (r) independent of e. Therefore, H 2 satisfies 

H 2 (q,p,T) =sH 20 (q,p,T)+e 2 H 22 (q,p,T), (301) 
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where Hf (q,p,r) is independent of e. Taking into account the definition of A/2 in (|297|) and recalling 
that for (v,t) € R K > 3 ,d 3 x TT CT , 

^(^-^(gbM.PoM, t)=0 ((« - ia) 2 ^) , 

we can define 

C$(fi)=-fi[ (poH" 1 ^! 20 ^^),^^)^))^. (302) 

Jvo 

Then, the constant Cg(fi) is independent of e. Moreover, using Lemmas 19.21 and 19.41 and [ 9.51 one can see 
that 

\C 2 {fi,e)-Cl(fx)\<K\fi\e v \ (303) 

for certain constant 1/2 > 0. 

To obtain C®(fi) we need a careful study of the function G3 in (|280p . To this end, we have to expand 
asymptotically the functions d v T^' s (v, r) obtained in Theorems 14.41 and 14.81 To obtain this expansion we 
consider equation (|164[) for (v,r) € R K ' ,d 3 x 

As a first step we expand the function A(u,t) defined in (| 1 50|) . It can be seen that it satisfies 

2 



A(u, t) = A°(u, t) + sA\u, t) + ( ^ ) 

\{v — 1a) 1 J 



where 

A°(u,r) = -iiHl (q Q (u),p (u),T) (304) 
A\u,t) = -vHf° (q (u), Po (u),T) -V'(q (u))x° p (T) + \ 2 x° p (t), (305) 

where H\ , H 20 and x® are the functions defined in (|4"Tj) , poip and poop respectively, and A is the constant 
defined in Hypothesis HP1.1. Recall that in the parabolic case, we have that x®(t) = 0. It is clear that 
both A° and A 1 are independent of e. 

From this expansion, one can deduce the expansion of the function A defined in (|166p . Let us first 
recall that the change of variables g obtained in Lemma 17.61 can be written as 



g(v,T) = -eB 1 (v,T)+0 



2 

fie 



( v — j a )max{l+£-2r,0} 



where B\ is the function defined on the proof of Lemma 17.61 which is independent of e. 
Therefore, 

-2 



with 



A(v, r) = A°(v, r) + eA\v, r) + O ( ( „ _ ■ a) ^ +3(/ - ar) ) , 
A°(v,t) = A°{v,t) 

A 1 (v, t) = A 1 (v, t) - d v A°(v, r)B 1 (v, r). 

Using this fact and the properties of the functions B and C in (|167p and f|168[) . one can see that the 
functions T"' s (v,t) obtained in Theorems 14.41 and 14.81 satisfy that 

2 

fie 



d v T?' s (v,T)=ed v T?(v,T) + 



(v — ia) max {o> 2 +^— v i} 



for certain v 3 > 0. The first order 8 v T^{v,t) is defined by d v T®{v,r) = d v A (v,t) + (A 1 )^), where A 
is a function satisfying that (9 r A° = ^4° and (A ) = 0. Then, d v T®(v,T) is independent of e and can be 
analytically extended to reach v = ia. 
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Taking into account the properties of the change g stated in Lemma 17.61 one can see that the function 
d u Ti(u,r) has the same expansion as the function d v T±(v, r). 
We can define 

C$(») = - (p (v)- 2 d v T°(v,T))dv, (306) 
which is a constant independent of e. Doing little effort, it can be seen also that 

|C 3 (/.,e)-C 3 (/i)| < K\n\e»* (307) 

for certain i/ 3 > 0. 

Finally, it is enough to define Co(/u) = Cq (fj,) + Cq(h) + Cq(/j,) where Cq(/j,) are the constants defined 
in (|298[) . p02p and (|306|) . It is straightforward to see that Co(^t) is an entire function. Moreover, by 
(J2HJ), ([3H31 and ([5D7|) . it is clear that 

limC(/i,e) = Cq(h). 

9.3 Case £ > 2r: Proof of Theorem I4T2T1 and Proposition [47221 
9.3.1 Proof of Theorem HUT] 

Theorem 14.211 is a straightforward consequence of the following proposition. 

Proposition 9.9. Let d 2 > and kq > be defined in Theorem \4-8\ and Proposition [#3 c?3 < d 2 , 
£o > small enough and Kg > kq big enough, which might depend on the previous constants. Then, for 
e G (0,£o) an d any k > k§ suc/i that en < a, there exists a function C : R K .d 3 x T CT — > C iftai satisfies 
equation (|274[) . 
Moreover, 

(£()(", 7"), r) = - r + C(w, r), r) 

is injective and there exists a constant 615 > such that 



• If£-2r > 0, 

\\d u C\\ t _ 2r ^<b 15 K- l \fi\e 



C\\ t _ 2r , a < b 15 \fi\e e - 2r 



-2r,a 

-2r-l 



• If l-1r = 0, 

l|C|li„ iCT < 6i 5 |/i| 
RC|| li<y < 6ib|A|. 

We split the proof into the two cases : I — 2r > and I — 2r = 0. 

Nevertheless we need to state some useful properties of the function G defined in (|103p . 

Properties of the function G We decompose the function G in p03[) as G = G\ + G2 + G3 + G4 
with 

Gi(«,r) =fie^ 2r PQ {u)- 1 d p H\ (q (u),p Q (u),T) (308) 
G 2 {u,t) = fis'-^poiu^dpH 2 {q (u), Po (u),T) (309) 

G 3 (u,t) = - (1 + /xe ^i?! (goW,PoW,T)J ^TTj ( 310 ) 

GiK^GKrl-dfvl-Gjk^G^T), (311) 

where H\ and i/^ are the functions defined in (|4"Tj) and (|4"3"]l . The next lemma gives some properties of 
these functions. 
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Lemma 9.10. Let n > Kg and d < c?2 ; where kq an do are the constants defined in Theorems \8.3\ and 
\4- 7| Then, the functions Gi, i = 1,2,3,4, defined in (|308[) . (|309[) . (|310|) and (|311l) respectively, have the 
following properties. 

1. G\ G Xi-2r.o and satisfies (G±) = and 

||G 1 ||,_ 2riCT <^|A|^- 2r . 

Moreover 

• If £ — 2r > 0, <9 u Gi £ ^-2r+i.cr <™rf satisfies 

RG 1 ||,_ 2r+lia <#|A^- 2 '\ 

• If £ — 2r = 0, d u G\ G X t _i a and satisfies 

\\d u G 1 \\ l _^<K\fi\. 

2. G2 G Xi-2r,a and satisfies 



\\G 2 \\ e _ 2r , a <K\fi\^-^\ 
Moreover 

• If £ — 2r > 0, 9 u (j2 € Xi^2r+i.a and satisfies 



\\d u G 2 \u_ 2r+ha <m 2 s^-^\ 

• If £ — 2r = 0, <9 U G2 G X l _i a and satisfies 
5. G3 G <%f_2r+i <t a7 ^ satisfies 

\\G a \\ e _ 2r+ ^<K\fi\e e -^ +1 . 

Moreover, 

• If £ — 2r > 0, d u G 3 G A^_2 r +i,a satisfies 

\\9uG 3 \\ e _ 2r+h(T < Kk- 1 ^-^. 

• If £ — 2r = 0, d u G 3 G A^.o- and satisfies 

\\d u G 3 \\ 2 a < K\fi\e. 

4. G 4 ,<9„G 4 G X 3 (e-2r)+2,a and satisfy 

\\GA\ < ft'lf;l 3 =- 3 ^" 2r ' +2 

\\ U 4\\3(l-2r)+2,<T - A W e 

II^G 4 || 3( ,_ 2r)+2 . a <^- 1 |AI 3 ^- 2 '-) +1 . 

Proof. The proof of the statements about G\ and G2 are straightforward, taking into account, for G2, 
the bounds obtained in Corollarv l5.6l For G 3 , one has to take into account the bounds for T" obtained 
in Proposition 17.41 and Corollary 17.221 and the analogous bounds that T-f satisfies. To obtain the bound 
for its derivative, one can apply the fourth statement of Lemma 19.11 Analogously, one can obtain the 
bounds for G4 and <9„G 4 . □ 
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Case £ — 2r > To prove Proposition 19.91 for I — 2r > 0, we look for C as a fixed point of the operator 

T = g e oT, (312) 

where Q E and T are the operators defined in (|277[) and (|275|) respectively. For convenience, we rewrite J 7 
as 

J"(C)(u, t) = -e~ x G{u, t) - d u (G(u, t)C[u, t)) + d u G{u, t)C{u, t). (313) 
Then Proposition 19.91 is a consequence of the following lemma. 

Lemma 9.11. Let So > be small enough and Kg > kq big enough. Then, for e € (0, Sq) and any k > k$ 
such that sk < a, the operator T defined in (|312|) is contractive from Xg^2r,tr to itself. 
Then, it has a unique fixed point C <G Xi-2r,o, which moreover satisfies 

\\C\U-2r,a < m\e l - 2r 

Before proving Lemma 19.111 we state the following technical lemma about the properties of the 
function G defined in (|103|) . 

Lemma 9.12. Let us assume £ — 2r > 0. Then, the function G defined in (|103[) has the following 
properties: 



1. G G X(~2r,o and satisfies 

2. d u G <G Xi^2r+i.a and satisfies 

3. Ge(G) £ Xi-2r,a and satisfies 



\\G\\^2r. a < K\fs\e l - 2r . 

\d u Gh-2r+l.a < KW'~ 2r - 



\Ge(G)\\t~2r,v < K\fL\e e 



-2r+l 



Proof. The bounds for G and d u G are a direct consequence of Lemma 19.101 To obtain the bound for 
Ge(G), it is enough to apply Lemma |9~21 and to take into account that (Gi) =0. □ 

Using the bounds given in this lemma, we can prove Lemma 19.111 

Proof of Lemma WTlS. Let d,C 2 G X^ 2r ,a- By definition of T in (|3T3)) and Lemmas l9~Tl l9~2l and l9~T2l 

\\T{C 2 ) - ^(Ci)||,_ 2rjff < \\9s (d u (G ■ (Ca - Ci)))||,_ 2r , CT + \\G S (d u G ■ (C 2 - d))^, 

< K \\G\\ Q<a \\C 2 Ci||,_ 2iw + K \\d u G\\ 1>(T \\C 2 Ci||,_ 2r , CT 

< \\ C 2 - Cl\\t-2r,a ' 
Kg 

Then, increasing Kg, if necessary, T is contractive from Xg^2r,<j to itself, and then it has a unique fixed 

point C £ Xi-2r,cj- 

To obtain a bound for the fixed point C it is enough to recall that 



\\C\\l-2r, a < 2 ||^(0)| 



-2r,a ' 



By the definition of T in (|312[) . ^(0) = — e~ 1 G e (G). Then, applying Lemma \9. 121 we obtain the bound 
for C. Finally, to obtain the bound for d u C it is enough to reduce slightly the domain and apply the 
fourth statement of Lemma |9~T1 □ 
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Proof of Provosition [TOl for £ — 2r > 0. To prove Proposition 19.91 from Lemma 19.111 it only remains to 
check that (£o(u, t),t) is injective in R Ky d 3 x T^. We prove this fact as in the proof of Proposition 19.31 
that is, we check that if 

e~ x u 2 — r + C(u 2 , t) = - t + C(m, r) 

for (mi,t), («2, t) e i? K rf 3 x T CT , then we have that u 2 = U\. Indeed, by the bound of d u C given in Lemma 

eh 

\U2 -ui\ = e \C{u 2 ,t) - C(ui,t)\ 
K\u\ 

^ /-2r+l l^-m|- 
Kg 

Then, increasing Kg if necessary, one can see that u 2 — U\. □ 



Case £ — 2r = We will prove Proposition 19.91 under the hypothesis £ — 2r = 0. Now, as happened in 
Section l9~2l the linear term G\ in (|308|) of J- in (|275[) is not small. Then, we perform again a change of 
variables. 

Lemma 9.13. Let Kg > Kg > kq andd^ < d' 2 < d 2 . Then, fore > small enough, there exists a function 
g which is solution of the equation 

£eg(v,T) = Gi(u,r), 
where G\ is the function defined in (|308[) . Moreover, it satisfies that 

IMIo,k^,<t < K\fi\e, ll^slli-^^.a ^ K W 

and that u = v + g(v,r) e R K6 ,d 2 for (v,t) e R k , d / x T a . 

Furthermore, the change (u,r) = (v + g(v, r), r) is invertible and its inverse is of the form (u, t) = 
(u + r), r). TTie function h is defined in the domain R K8 ,d 3 X T CT , satisfies 

\\h\\o,K 8 .d 3 ,a < K\fi\e 

and that u + h(u, r) € R K ' B ,d' 2 for (it, r) <= R K8 .d 3 x To-. 

Proof. From Lemma T9.101 (Gi) = and then we can define a function G\ such that 

<9 T Gi = Gi and (Gi) = 0, (314) 

which satisfies 

||Gi|L , ., < K\fi\ 

II ± \\0,K G .d r) ,(7 — " 1 



I^ g i||i-^^4, ct ^^IAI- 



(315) 



Then, we can define g as 

g(v,T)=eG 1 (v,T)-eg e (d v G 1 ) (v,t), (316) 

where Q e is the operator defined in (|277[) adapted to the domain R K i ^ X To-. 

Finally, applying Lemma f9 . 101 and 19.21 one obtains the bounds for g and The other statements 
are straightforward. □ 

We perform the change of variables u = v + g(v,r) given in Lemma 19.131 to equation (|275|) and we 
obtain 

C e C = M(v, t) + N(v, r)d v C, (317) 

where C is the unknown 

C(v,t)=C(v + 9 (v,t),t) (318) 
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and 



M(v, t) = -e~ x G (v + g(v, t),t) 

G(v + g(v,r),T) - G x (v,t) 



N(v,t) 



1 + d v g(v,r) 



(319) 
(320) 



Moreover, we want to have the first order terms in C, coming from G\, G2 and G3, in a explicit form. 
For this purpose, we define 



C (v, t)=- Gi(t>, t) - e- x Q e ((d v G ig )) (v) 
-e~ 1 ^((G 2 + G 3 ))( U ), 



(321) 



where G\ is the function defined in (|314[) , g is the function given by Lemma 19.131 and G2 and G3 are 
the functions defined in (|309[) and (|3 1 0[) respectively. The next lemma, whose proof is straightforward 
applying Lemmas 19. 2[ 19.101 and 19.131 gives some properties of Co . 



Lemma 9.14. The junction Co defined in (|321[) satisfies that 



C 



<K\fi\ 



d v Co 



<K\p.\ 



Then, we define 



C\ — C — Co . 

Taking into account equation (|317[) . C\ is a solution of 



C e d= T d , 



where 
and 



F(h) = M(v, t) + N(v, r)d v h 



(322) 

(323) 
(324) 



M[v, t) = M(v, t) - C e C + N(v, t)8 v Co- 
We obtain C± through a fixed point argument. For this purpose we define the operator 

F = g e oF, (325) 

where T and Q s are the operators defined (|323p and (|277p . For convenience, we rewrite it as 

T(h)(v, t) = M(v, t) + d v {N{v, r)h{v, r)) - d v N(v, r)h(v, t). (326) 

Lemma 9.15. Let us consider So > small enough and Kg > Kg big enough. Then, the operator J- is 
contractive from Xx K i ^ a to itself. 

Thus, it has a unique fixed point, which moreover satisfies that 



Ci 



<K\fi\e 



Before proving this lemma, we state the following lemma, whose proof is postponed to the end of this 
section. 

Lemma 9.16. The functions M and N defined in (|324p and (|320[) respectively, satisfy the following 
properties. 
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• Ge{M) G Xi, K ' 6 ,d' 2 ,cT and satisfies 



Qe(M) 



<K\u\e. 



• N, d v N £ X l K t d' a and satisfy 



\\9 v N\\ hK ,^<K^ 



Proof of Lemma \9.15l The operator T sends Xi^^g. to itself. Let h\,h 2 £ Xi.^d'^o- Then, recalling 
the definitions of F and T in (|325[) and Q326p and applying Lemmas 19.21 and 19.161 one can see that 

?{h 2 )-F{hi) , „ < ll&^(^-(^-M)ll ll ^ >< r + ll&(a ^-(ft 2 -^))|li ) ^,« r 

< K W N h K4 ^ \\h2 M^,^ + K \\d v N\\ l!<Ai „ \\h 2 Mi.^.a 
<r K ^ III, I, II 

< — —\\ h 2- h l\\l,K> d' a- 



and therefore, increasing k' s if necessary, J- is contractive in Xi lK > d!,,o and has a unique fixed point C\. 
To obtain bounds for C\ it is enough to recall that 



Ci 



< 2 



.F(O) 



By the definition of T in (|325[) . J-(0) = Q E (M). Then, it is enough to apply Lemma \9. 161 to obtain 



Ci 



<K\fi\e. 



l,K' e ,d' 2 ,a 

For the bound of d v C\ it is enough to apply the fourth statement of Lemma 19. II and rename k' 6 . 



□ 



Proof of Proposition^^ for £ — 2r = 0. By Lemmas 19.141 and 19.151 we have that there exists a constant 
6 15 > such that 



C 



In, a" 



l,cr 



< &15|AI 

< &15IAI- 



To recover C it is enough to consider the change of variables v = u + h(u,r) obtained in Lemma 19.131 
which is defined for (u,t) £ R K8 ,da x T ff with Kg > k' 6 and (Z3 < d' 2 . Applying this change, one obtains 
C which satisfies the bounds stated in Proposition 19.91 To check that (£,o(u, r),r) is injective, one can 
proceed as in the proof of Proposition 19.91 for £ — 2r > 0. Finally let us point out that it is easy to see 
that this proposition is also satisfied taking any k > Kg such that en < a. □ 

It only remains to prove Lemma 19.161 

Proof of Lemma \9. 16[ We start by proving the second statement. Let us split the function N defined in 
P3P|t as N = N x + N 2 with 



N x {v, r) = - (1 + d v g(v, r))" 1 (Gj (v + g(v, r),r) - G x {v, r)) 



(327) 



N 2 (v, r) = - (1 + d v g(v, t))^ (G 2 (v + g(v, r), r) + G 3 (v + g(v, r), r) + G±(v + g(v, r), r)) . (328) 
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To bound N\ , we apply Lemmas 19.131 and 19.101 and the mean value theorem, obtaining 

II^Villi- frw,* < K\fl\ 2 e. 
Applying the same lemmas, one can see that 

||iV 2 || w> <K\p,\e 

which gives the bound for N. To obtain the bound for d v N it is enough to apply the fourth statement 
of Lemma 19.11 and to rename k'q . 

For the first statement, taking into account the definitions of M and M in (|319|) and (|324|) respectively, 
and using the functions G h i = 1,2,3,4, and Gi defined in PUS|) . (|509"|) . ([5X0]) . (pJTTj) and (pHij) . let us 

decompose M as 



M(«,r) = ^M < (i; J T) 



with 

Mi («, t) = ^Gj («, r) - e- 1 (^Gj («, r)<?(v, r) - (9„G l5 ) («)) 
M a («,r) = -e- 1 {G^v + g(v,r),r) ~ G x {v,r) - 5 v Gi(u,r) 5 (u,r)) 
M 3 («,r) = -e- 1 (G 2 («,t) +G 3 ( V ,t) - (G 2 +G 3 )(«)) 

M 4 (u, t) = -e- 1 (G 2 (v + g(v, r), t) + G 3 (v + g(v, r), r) - G 2 (v, r) - G 3 (v, r)) 
M 5 («,t) = -£- 1 G 4 (i' + .9(z;,t),t) 
M 6 (v,t) =JV(w,T)a C (t;,T). 

We bound each term. For the first one, by Lemmas 19.131 and 19.101 we have that Mi E X x _ 
%i,k' ,d' 2 ,cr- Moreover, taking also into account (|315[) . 



(329) 
(330) 
(331) 
(332) 
(333) 
(334) 



Mi 



<K\{l\ 



and therefore, since (Mi) = 0, by Lemma 

Ge (Mi) 



< K\p,\s. 



For the term (|330[) . it is enough to apply Lemmas l9.13l and Taylor's formula to obtain M 2 G X 2 _i K , d / a C 



^2,^,^,a and 



AI, 



Then, applying again Lemma we have that, 



<^IAI 3 £- 



^ (m 2 ) 



< K\a\ 3 £. 



To bound (|33ip . it is enough to apply Lemma [9.101 to see that M3 G X\ lK > ,d' ,c an( l 



<K\fi\ 



which, using that (M3) = 0, implies 



£e (M3) 



< K\p\e. 



Ill 



Applying the mean value theorem, using the definition of G3 in (|310l) and Proposition 17.231 and the 
definition of G2 in (|309[) , Lemmas 19.131 and 19.101 one can see that M 4 in (|332[) satisfies 



and then. 



M, 



Ge M 4 



2,k' 6 ,d' 2 ,(7 



< im 2 e 



< K\ji\ 2 e. 



For M5 in Q333p . it is enough to notice that, by Lemma T9. 101 and 



M 5 



<K\[i\ s e 



and 



Ge M, 



< K\fl\ s e. 



Finally, for the last term Q334p , one has to apply the bound of N already obtained and Lemma 19.141 to 
see that 



,n a .d„.o 8 



d v C( 



<K\ft\ 2 e. 



Then, by Lemma l§T2l we have that, 



Ge (M 6 ) 



<K\(i 



□ 



Joining all these bounds, we prove the first statement of Lemma [9.161 
9.3.2 Proof of Proposition [4T221 

To prove Proposition 14.221 it is enough to obtain the first asymptotic terms of the function Cq obtained 
in Lemma l9.14l From them, we can deduce the first order terms of C = Cq +C\, where C\ is the function 
bounded in Lemma f9 . 1 5 1 and from them, using (|318[) . the ones of C. 

Recall that C has been defined in (Tg2l"j) as C = Ei + E 2 + E 3 + E 4 with 



E 1 {v,t)=-G 1 (v,t) 

E 2 (v)=-e- 1 Ge((d v G 1 g))(v) 

E 3 (v)=-e- 1 G s ((G 2 ))(v) 

E 4 (v)=-e- 1 Ge((G 3 ))(v), 



(335) 
(336) 
(337) 
(338) 



where G\, G2, G 3 and G\ are the functions defined in p08p , (|309p . (|310p and (|314|) respectively and g is 
the function given by Lemma 19.131 

We analyze each of the four terms E% that give Co for (v, r) £ (j^ 1 ^''^'^ ^ ^'k'^c'iJ x ^ or ^ e -^ rs * 
one (|335p . it is enough to recall that, by definition, the function F\ defined in (f5TT|) satisfies that 

/LFl(t) = Gi(ia,T) 

and therefore, 

Ei(v,t) = -Gi(v,t) = -A-Fi(t) +0(v-ia)K 
Then, using (TIM)) and that \v - ia\ < Ke 1 , 



lEi+fiF^L <K\fi\e. 



112 



For the second term, let us recall that by (|316[) and applying Lemma 19.21 we have that the function g, 
obtained in Lemma 19.131 satisfies 

Then, by Lemma \9. 101 one can see that 

||a (fl-eGi(«,T))|| 2 _, i(r <ii'|/i|e 2 

and therefore, using Lemma 19.21 

|| £ -^ £ (d v (g - eG^r)))^ < K\(i\e. 
Now it remains to bound, the first order of E 3 , which is given by 



-fi I (d v G 1 Gi)(w)dw, 

where we recall that vq £ R K > t d 3 . 

Since (d v G\Gi) = 0(v — ia) 1 ^ 13 , we can define the constant 

ria 

Ci{n) = -itl (d v G 1 G 1 )(w)dw 

and then, using (|104[) , one has that 

\\E 2 -C 2 (fi)\L<K\fi\ 2 e. 



For the third term, by the definitions of G 2 in p09[) and Q e in (|277p . we have that 

E 3 (v) = -fi f (Hf)(w)dw 

J Vq 

pia 

= -fi / (Hi)(w) dw + 0(v -ia)K 
Then, proceeding as for E 2 , we define 

C 3 (/i,e) = -A / (Hl){w)dw 

and using (|104[) . we have that 

\\E 3 -C 3 (^e)\\ hr7 <K\fi\e. 
To bound £4, using Proposition l7.23l we decompose G 3 into two terms as G 3 = G\ + G 3 , with 

Gl(v, t) = (l + pfi$H{ (®>(u),j>o(u), r)) po(«)~ 2 (W + A^i)) + r) 

and Gl = G 3 - G\. By Proposition [7^1 ||G§|| 2 , ff < Kp,e 2 and therefore 

\\e- x g e {{Gl))\\^<me. 

For the other term, using the definitions of H\, b, Qj and Fj in (|41[) . (|5Tj) , ([7?)) and (fHDj) . and recalling 
that by Proposition [7231 £ € X 1 _i !T , there exist a function £ e X 1 _i al such that 
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Then, one can see that there exists a constant Ci(jj,e) satisfying \C4,{fi,e)\ < K\(j\, such that, 



Ei(v) + bfj 2 hx(v — ia) — C±{fi, e) 



1,(7 



< K\ji\e. 



Taking C = C'2 + C3 + C4 one obtains that 



C{v,t) + fj.Fi (r) - C{fj,e) + bfj 2 \n{v - ia) 



< K\(i\e. 



I. a 



To finish the proof of Proposition 14.221 it is enough to consider the change of variables v = u + h(u, t) 
obtained in Lemma \9. 131 which does not change the asymptotic first order of C. Let us note that to see 
that C(/x,e) has a well defined limit when e — > one can easily proceed as we have done in the case 
I - 2r < in Section HX1 
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